VOL. 40, NO. 7

JOURNAL OF THE ATMOSPHERIC SCIENCES

JULY 1983

The Shape, Propagation and Mean-Flow Interaction of Large-Scale Weather Systems

BRIAN J. HOSKINS, JAN N. JAMES AND GLENN H. WHITE!
Department of Meteorology, University of Reading, Reading, U.K.
(Manuscript received 1 November 1982, in final form 18 February 1983)

ABSTRACT

For a zonal averaging operator the Eliassen-Palm flux provides a diagnostic of both eddy behavior and
the feedback of the eddies onto the mean flow. This paper addresses the diagnosis problem for other averaging:
operators and, in particular, for time averaging which has proved in recent years such a powerful means of
viewing the three-dimensional tropospheric flow. The horizontal velocity correlation tensor gives a measure
of the characteristic horizontal eddy shape at a point. It also implies the direction of the group velocity
relative to the mean flow in cases where such a concept is valid. However the major emphasis here is on
the mean-flow feedback of eddies. In this respect, the eddy vorticity flux is determined by derivatives of the
components of the anisotropic part of the tensor. Making a reasonable approximation allows the eddy
vorticity flux convergence to be written in terms of E = (v? — %, —u'v’). A simple interpretation of the
mean flow feedback of eddies is then possible. A slightly more restrictive approximation allows the eddy
shape and the sense of the relative group velocity to be determined also from E. The whole analysis may
also be performed in the three-dimensional quasi-geostrophic case where it provides an approximate extension
of the Eliassen-Palm flux concept.

The theory and approximations are investigated for high-pass and low-pass transient eddies using data for
single Northern and Southern Hemisphere winter seasons. The different signatures of the transient eddies
in the two frequency bands are apparent and schematic pictures of the contrasting, dominant behavior in
each band emerge. Data from one particular blocking event, when diagnosed using the theory developed

here, give an indication of a positive feedback of the synoptic eddies onto the mean blocking flow.

1. Introduction

One of the ever present problems in understanding
the general circulation of the atmosphere is the de-
termination of the role of the large-scale eddies and
of ways of understanding their behavior and their
feedback onto the mean flow. For many years the
poleward heat flux by eddies has been considered im-
portant. Since the work of Jeffreys (1926) the im-
portance of the eddy poleward westerly momentum
flux in zonally averaged budgets has also been em-
phasized. However, the more recent studies of Black-
mon et al. (1977) and others suggest that using a time-
averaging operator yields a mean flow in which the
role of the eddies, i.e. the transients, may be rather
different. Neglecting vertical advection and approxi-
mating the Coriolis parameter by a constant value fo,
the time-mean zonal momentum equation may be
written

il + Uty = fobs — (D), — (V)
where the bar signifies a time average and the prime
a deviation from this average. In both jet entrance
and exit regions the dominant balance is i,

~ fol,, there being poleward ageostrophic motion
in the entrance and equatorward motion in the exit.

! Present affiliation: Goddard Laboratory for Atmospheric Sci-
ences, NASA/Goddard Space Flight Center, Code 911, Greenbelt,
MD 20771.

The eddy flux convergence terms are small. However,
as discussed in Hoskins (1983), in the meridional
momentum equation the eddy flux convergence
—(v?), appears to be significantly larger than the
mean flow advection and must be balanced
by foi,. Here, 7, could be the x-component of
a mean_horizontally non-divergent circulation:
= f5'[—(v"),, (v®),]. The y-component of this cir-
culation would give a term (v"), as a forcing term on
the rhs of the zonal momentum equation which,
though larger than the other eddy terms, is probably
still small compared with the mean acceleration. This
argument is heuristic, and it is clearly necessary to
consider the role of eddies in the mean vorticity and
potential vorticity equations as has been done by Sav-
ijarvi (1977, 1978), Holopainen (1978), Lau (1979),
Holopainen and Oort (1981), and Holopainen et al.
(1982). One difficulty with such studies is that tran-
sient eddy vorticity flux convergences are very noisy
quantities due to the high number of derivatives in-
volved and that simple arguments as to what features
of the eddies imply these convergences are not avail-
able.

For the zonally-averaged problem a recent diag-
nostic that has proved very valuable is the Eliassen-
Palm (EP) flux of Andrews and McIntyre (1976),
discussed also in Edmon et al. (1980). It has minus
the poleward westerly momentum flux as its y com-
ponent, while its vertical component is proportional
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to the poleward heat flux. The EP flux gives infor-
mation on the meridional-vertical propagation of
waves, occurs as a flux in an eddy conservation re-
lation, and describes the feedback of the eddies onto
the zonally averaged flow. The aim of this paper is
to present a theory which, in some ways, provides an
extension of the Eliassen-Palm flux concept so that
it can be applied in particular to the time-averaged
three space dimension problem. The emphasis is on
the understanding of the feedback of the eddies onto

the mean flow, but the behavior of the eddies them-

selves is also discussed. ,

Section'2 considers the horizontal velocity corre-
lation tensor and shows how this gives information
on characteristic eddy shape and barotropic group

velocity. Under certain restrictive conditions the eddy

conservation relation of Young and Rhines (1980)
" is obtained. The mechanical feedback of the eddies
onto the mean flow is shown to be given by deriva-
tives of the anisotropic part of the velocity correlation
tensor, the isotropic part appearing only in the mean
balance equation. The understanding of this feedback
is greatly simplified by an approximation which is
introduced in Section 3. The mechanical effect of
the eddies is then summarized by the quantity E
= (07 — u?, —u'v). In most cases, the information
on eddy shape and group velocity is also contained
in E. In Section 4 the theory is extended to a baro-
clinic quasi-geostrophic atmosphere. The approxi-
mations made and the diagnostics suggested in Sec-
tions 2-4 are illustrated by calculations for the North-
ern Hemisphere 1979-80 winter, using analyzed data

from the European Centre for Medium Range

Weather Forecasts. The mean 250 mb streamfunc-
tion contours and major jets for this winter are shown
in Fig. 1. As usual for the winter season, the westerly
flow strengthens over North Africa and remains
rather constant across Asia before achieving a strong
maximum of 65 m s™' just off the east coast of Asia.
Centered on the east coast of North America is a 45
m s~! westerly jet of rather more limited zonal extent.
Statistics are presented below for high- and low-pass
transient eddies with periods shorter and longer than
10 days, respectively. Details of the data source and
manipulation are given in Appendix B. .

In Section 5 some diagnostics for the Southern
Hemisphere are presented. Section 6 includes sche-
matic pictures of winter high-pass and low-pass tran-
sients and also an indication of transient behavior in
one particular blocking regime. Appendix A contains
an alternative derivation of the importance of E in
the mean flow forcing based on the momentum equa-
tions. -

2. Basic barotropic theory

It is convenient to begin the discussion by consid-
ering the horizontal velocity correlation tensor vjv)
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FIG. 1. The mean streamfunction ¥ at 250 mb for the period
I'December 1979-29 February 1980, Northern Hemisphere. Con-
tour interval is 12.7 X 10% m? s~ (thus, one contour interval spread
over 10° of latitude. corresponds to a wind speed of 11.5 m s7');
this and subsequent similar plots are all given on a polar stereo-
graphic map projection. Light shading indicates wind speeds in
excess of 30 m s™! and heavy shading wind speeds greater than 60
m s~', The characteristic jets over North America, North Africa
and east Asia are all well represented.

where the bar signifies an averaging operator and the
prime a deviation from this average. This symmetric
tensor is easily separated into its isotropic and aniso-
tropic (trace-free) parts: ‘

c=(F'W)_(K 0)+A‘ o
T \uv' v? 0 K ’
where ’
A_(M N) 2

_ N -Mm/)’
and

K =%u?+v?, M="u?—-v?,

' N=uv'. (3

Here, K is the kinetic energy of the eddies. Relativje
to tilde axes rotated by an angle § from the basic zonal
and meridional axes,

& )
A=1_. ~,
AN -—-M,
where

(M, N) = (M cos26 + N sin24,
—M sin20 + N cos26). (5)

C))
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For example, for axes rotated by 45° from the basic
axes,

M =Y(a% — %) = N=uv'. (6)

From (5), the principal axes of A or C are at angles
14 tan~Y(N/M) with the x axis. Taking the X axis to
be along the major axis, at an angle

0 = Y2 sin'[N/(M? + N*)'7, . )

(M, N) = [(M? + N?)!2, 0]. ®

Since M = Y2(i"”? — 6?) and K = Yo(@1” + 9?), we must
have M < K, with equality only if 92 = 0. If the eddies
are approximately horizontally non-divergent and lo-
cally have a streamfunction of the form

¥ = ¥ cosk(X — ¢if) cosl(¥ — ¢f),

we have

()]
then .
M o 12— k2,

provided that the averaging operator averages over
the phases of the streamfunction. For ¢; and ¢, non-
zero, the result is valid in particular for a simple time
average of sufficient length. Thus, eddies are locally
extended along the major axis and.compressed along
the minor axis. The quantity « = MK which lies be-
tween 0 and 1 provides a dimensionless measure of

eddy anisotropy. For the simple case discussed above,
a = (= k»/(* + k.

FIG. 2. An illustration of the velocity correlation tensor for the
high-pass filtered eddies (i.e., with periods shorter than 10 days)
at 250 mb during the 1979-80 Northern Hemisphere winter. Con-
tours show K = %2(u”? + v") (interval 50 m* s7?), while the vectors
are of length M and in the direction of the major axis of A. The
major axes of the eddies are generally oriented north-south. The
Atlantic and Pacific storm tracks can be seen in both the K and
M fields. '
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FI1G. 3. As in Fig. 2, but for the low-pass filtered eddies (i.e., with
periods greater than 10 days). The major axes of A and of the
eddies are generally aligned east-west. Note the intense maxima
of both K and M in the mid-Pacific.

The velocity correlation tensor for the high pass
eddies in the Northern Hemisphere (1979-80 winter
is summarized in Fig. 2. This shows contours of eddy
kinetic energy K and lines indicating the direction of
the major axes of A and of length proportional to M.
It may be noted that the Pacific storm track was un-
usually weak during this year. Looking at the Atlantic
storm track in particular, it is evident that the axes
are predominantly north-south indicating that the
high-pass eddies are mostly elongated meridionally.
Typical values of « are of order 0.4, implying a ratio
of meridional to zonal scales of about 3 to 2. They
also reflect the “tilted trough” structure of the eddies,
showing a SW-NE orientation to the south of and
near the end of the storm track and a NW-SE ori-
entation to the north. This picture of the high-pass
eddies is consistent with that obtained from grid point
correlations of high pass filtered height field data
(Blackmon et al., 1983). For reference below, we note
that typical storm-track magnitudes of X, M and N
are 150, —50-and +25 m? s2, respectively.

An entirely different picture emerges for the low-
pass transients (Fig. 3). The major axes are mostly in
the east-west direction, indicating that these eddies
are predominantly elongated zonally. Again this is
consistent with the low-frequency height field signa-
tures found by Wallace and Gutzler (1981) and oth-
ers. It is evident that there is a dramatic change in
transient eddy character near the one-week time-
scale. Very large values of M are found in the exit
region of the Pacific jet, where the anisotropy number
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a has large values, typically 0.7. This implies a ratio
of zonal to meridional scales of the order 5 to 2.

In simple situations, the anisotropic velocity cor-
relation tensor provides information not only on the
structure of the eddies but also on the propagation
of eddy activity. The WKBJ conditions (see, e.g.,
Dingle, 1973) of slow mean flow variation and locally
sinusoidal waves are assumed and the atmosphere is
taken to be barotropic. If { is the time-mean absolute
vorticity, then the dispersion relation for waves whose
local streamfunction is ¥’ = A4 cos(tkx + ly — wt) is

w=kia+ - (k§,— IE)K>+ 1. (10)

Then the x and y components of group velocity are

_w _ | [(* = P)E, — 2KIE]

acg "t g@rpr 4D
_dw | [2KIE, + (K2 = )]

QT Tt T W ey (12)

If the averaging operator averages the phases of the
wave sufficiently,

M _(E-k)
a2 (k4 P (13
N 2kl - (14)

B R+
Therefore | .
Yoi (e, — V) = (=M, + NE., =M, — N§).  (15)

Relative to axes along and across the mean absolute
vorticity contours, this implies

~|VEIA, N)

—|V§1M (sin2y), (16)
where v is the angle that the anisotropy axis makes
with the absolute vorticity contours and V is the hor-
izontal gradient operator. Examples of possible situ-
ations are given in Fig. 4.

The linearised eddy barotropic vorticity equation
may be written

@+v- V) + Vv V=D,

V¢, — V)

(17)

where D' represents source and sink terms. Multi-
plication by {’ and averaging gives the eddy enstrophy
equation

@+ v VW2 = v -VE+ DT, (18)
Using rectangular Cartesian axes, the eddy vorticity
is {’ = v} — u),. Assuming horizontal non-divergence
of the eddies, it is easily shown that the eddy vorticity
may be written '

V'f’ = (_My + Ny, —M, — Ny)- (19)
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Fi1G. 4. Illustrating the relative orientations of the eddy anisot-
ropy axis, the E vector (defined below in Section 3) and the group
velocity relative to the mean flow ¢, = ¢, — ¥. The left-hand pair
show configurations characteristic of the high frequency transients
while those on the right are typical of the low frequency transients.

Substituting in (18) yields
@, + v- V)2 '

= (M, — NJ)§ + (M + N)§, + D't

= _(_Mfy + fo)x - ("fo - Ng:y)y + $—I§’,

provided that derivatives in the mean flow vorticity
gradients are neglected compared with those of the
eddy quantities M and N. This is a very restrictive
condition. It is certainly satisfied in cases in which
8 dominates the vorticity gradient but is probably a
poor approximation in most tropospheric applica-
tions. From (15), the terms on the rhs may be re-
written in terms of the group velocity and the en-
strophy equation takes the conservation form:

(82), + V- (cg28?) = DS (20)
This equation has been derived more elegantly by
Young and Rhines (1980). In the absence of dissi-
pation and transience, enstrophy density is conserved
following the group velocity.

We now turn from the structure and propagation
of eddies to their feedback onto the mean flow. This
problem was the origin of the present study and re-
mains its dominant theme. At the level of quasi-geo-
strophic theory, the equation for the mean absolute
vorticity { may be written

@+ N+ fD+V-v=k-VXF, (21)
where D is the divergence and F the frictional force
which will be assumed for convenience to be negli-
gible except in the boundary layer. Denoting a vertical
p-integral by [ ] and taking [D] ~ 0, the vertical
integral of (21) gives

[0+ ¥- V)8 + [V-V{] = —gk-V X 7., (22)

where 7, is the surface stress. The eddies contribute
to the vertically averaged, mean vorticity budget
through the eddy vorticity flux divergence and, pos-
sibly, through their modification of the mean surface



JuLYy 1983

stress. As pointed out by Holopainen (1978) and is
clear from (19) this divergence at any level may be
written

(23)

Thus the barotropic part of eddy forcing of the mean
flow is also determined by the eddy anisotropy.

A direct evaluation of (23) yields a field whose
large-scale structure is obscured by small-scale noise.
This problem is overcome by computing

V.v'f' = —2M,, + Ny — N,

S=-VAV.v'Y), “(24)

which, from (21), may be considered to be the forcing
of the mean streamfunction. This diagnostic, verti-
cally averaged from 700 to 300 mb, was also com-
puted by Holopainen et al. (1982) from 8 winters of
twice daily analyses produced by the U.S. National
Meteorological Center. Since the vertical integral of
S is dominated by contributions from levels near the
tropopause, Fig. 5 shows the contours of S just at 250
mb for the Northern Hemisphere 1979-80 winter
high-pass (Fig. 5a) and low-pass (Fig. 5c¢) eddies. The
most pronounced feature in Fig. 5a is the anticyclonic
forcing to the south of the Atlantic storm track, lead-
ing to a generally westerly acceleration, of the order
of 5 m s7! day™!, along the storm track. There is a
similar, although much weaker, feature in the Pacific.
Qualitatively, it resembles the forcing found by Hol-
opainen et al. (1982; see their Fig. 6) except that there
the acceleration in the Pacific storm track was stron-
ger. The higher level of the present data, and the un-
usually weak Pacific storm track in the 1979-80 win-
ter are sufficient to account for these differences.

Fig. (5¢) shows a much more intense forcing by the
low frequency transients, with an especially note-
worthy “quadrupole” structure of forcing in the mid-
Pacific. A weaker quadrupole can be discerned in the
western Atlantic. A comparison with the correspond-
ing field in Holopainen et al. (1982; their Fig. 6) shows
good qualitative agreement north of 40°N. However,
south of this latitude the fields are much flatter than
in Fig. 5¢ and the quadrupole structure in the Pacific
is not revealed. These differences probably illustrate
the large effect that the spurious boundary at 20°N
in the NMC analyses can have on such a diagnostic.

Having shown the importance of the anisotropic
part of the eddy velocity correlation tensor in forcing
the mean flow, it is worth noting the role of the iso-
tropic, kinetic energy portion. It may be shown, as
in Hoskins (1983), that the divergence of the ap-
proximated horizontal momentum equation yields
the “balance equation” for the mean ageostrophic
vorticity. Using standard notation, this may be writ-
ten

fofa = 2(¢§y - ‘Zxx‘;yy) + 5\7/y

—k-VXV{+ VK (25
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As discussed by Hoskins, the kinetic energy term
dominates the high-pass transient eddy contribution
so that a storm track maximum of K tends to be
associated with negative mean ageostrophic vorticity.
This would be of importance only if one wished to
obtain a mean height field from the mean vorticity.

3. An approximation

The discussion in Section 2 showed that M and N
give the feedback of the eddies onto the mean flow
as well as an indication of eddy structure and prop-
agation. However, there is a limit to the usefulness
of the theory in giving qualitative understanding of
flow situations. This is because of the difficulty in
dealing with the axis and magnitude of a second order
tensor, because of the second derivatives occurring
in the eddy vorticity flux divergence and also because
of the inherent noisiness of this latter quantity. How-
ever, a great simplification is possible if an approxi-
mation is made. '

In the mean vorticity equation, the mechanical
effect of the eddies is represented by the eddy vorticity
flux divergence which may be written in terms of M
and N as in (23). The term N,, may be neglected if
at least one of the following is true:

1) The x-length scale of N is much larger than its
y-length scale.
2) The M term in (23) dominates the N terms.

For the high-pass eddies in their elongated storm
tracks, condition 1) is usually well-satisfied. In most
regions, during most periods condition 2) is satisfied
for the low-pass eddies. As a partial check on the
validity of neglecting the term N,,, the mean stream-
function forcing S defined by (24) and (23) has been
recomputed for the same case as before but with this
term omitted. The high-pass eddy picture in Fig. 5b
should be compared with the full form in Fig. 5a.
The features in the approximated version are gen-
erally very well represented, though the amplitude of
some features is slightly reduced. The agreement be-
tween the approximated (Fig. 5d) and full (Fig. 5c)
forms for the low-pass eddies is less exact, although
the qualitative form of the fields is quite acceptable
in the approximated version. It is scarcely surprising
that a number of small-scale features at high latitudes
are not captured. ,

The mean-flow forcing by high-pass eddies and in
most places by the low-pass eddies is therefore well
approximated by

V.-v{=-2M,,— N,,=98,V-E,  (26)
where the quasi-vector?
E = (=2M, -N) = (0% — u?, —uv). (27)

2 As will be discussed below, E does not transform as a true
vector.
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FIG. 5. S = =V ¥V -v'{’) for the 1979-80 Northern Hemisphere winter at 250 mb. The contour interval is 12.7 m? 572 (so that one
contour interval spread over 10° of latitude corresponds to an acceleration of 1 m s™' day™"), and negative contours are shown by pecked -
contours. The dashes indicate values less than —76.2 m? s™2 and the stipples values in excess of +76.2 m? s™2 (a) Exact form, with
V-v'{'= ~2M,, + Ny — N,,, high-pass transients. (b) Approximate form, V-v'{’ =~ —2M,, — N,, = 3,V - E, high pass transients. (c)
Exact form, low-pass transients. (d) Approximate form, low-pass transients. The approximation is good for the high-pass eddies and,

-apart from small scale features at high latitudes, satisfactory for the low-pass eddies.

. Since the mean vorticity is { = f + 9, — #,, the eddy
vorticity flux divergence occurs in the mean vorticity
equation (21) as if there were an eddy x-momentum
flux

—E = (u? — 0”2, uv'). | (28)

The occurrence of v”2 in this expression is entirely
consistent with the heuristic arguments in the intro-

duction. —E may be considered as an effective west-
erly momentum flux, though its rigorous interpre-
tation is in terms of the forcing of mean horizontal
circulation. Where E is divergent there is a forcing
of mean horizontal circulation consistent with a ten-
dency to increase westerly mean flow. Where E is
convergent, the mean flow circulation forcing is con-
sistent with a tendency to decrease westerly mean
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flow. A direct demonstration of the importance of
V -E’'in the x-momentum equation is given in Ap-
pendix A.

Plots of E for the high-pass and low-pass transient
eddies during the Northern Hemisphere 1979-80
winter are given in Fig. 6. The high-pass eddies in the
Atlantic storm track show a divergence of E from the
start and middle of the storm track which is consistent
with the mean westerly forcing there, and a tendency
by the eddies to extend the strong westerly flow fur-
ther across the Atlantic. A similar, but weaker, pat-
tern is associated with the Pacific storm track. The
low-pass eddies in the Pacific jet exit give a strong
convergence of E in mid-latitudes near 160°E and
strong divergence further downstream. The corre-
sponding intense easterly mean flow forcing near
160°E, where the west wind is strong, and westerly
mean flow forcing downstream, where the west wind
is weaker, can be seen in Fig. Sc.

A slightly more restrictive approximation allows
the eddy structure and propagation characteristics
implicit in the tensor A to be determined also from
E. It was evident from Figs. 2 and 3 that the principal
axes of A are mostly inclined at only small angles
with the zonal and meridional directions (|M| > |N]).
This was particularly true for the high-pass eddies.
For the axis making only a small angle with the zonal
direction its angle is

Y tan"(N/M) ~ tan™\(N/2M).
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The error involved is only 5% for M = 2N. Then,
to order N2/M?, E is parallel to the axis making a
small angle with the zonal direction, and its magni-
tude is 2M. For the various eddy orientations shown
above in the schematic Fig. 4, the relevant directions
for E are also indicated. For meridionally elongated
eddies, E points eastwards along the minor axis,
whilst for zonally elongated eddies it points westwards
along the major axis. Provided that the mean absolute
vorticity contours make only small angles with the
zonal direction, the relationship between E and the
group velocity as described by (16) is the simple one
shown in Fig. 4. The relative group velocity ¢, — ¥
subtends an angle with E equal to that made by the
mean vorticity contour.

Comparison of Fig. 6a and Fig. 2 indicates that,
for the high-pass eddies, almost everywhere the mag-
nitude M and the direction of the minor axis are well
represented by E. The arrows reflect the predomi-
nance of meridionally elongated eddies. The fanning
out of the arrows along the storm track is associated
with the tilting of troughs. In barotropic group ve-
locity terms, wave activity propagates downstream
faster than the flow and towards the end of the track
the propagation has a significant equatorward com-
ponent. For the low-pass eddies, comparison of Fig.
6b with Fig. 3 shows that the direction of the major
axis and the magnitude M are generally given well
by E. Particularly near the date line Fig. 6b indicates
the predominance of zonally elongated eddies with

FIG. 6. The ‘vector’ E = (v? — u?, —;717’) at 250 mb for the Northern Hemisphere (1979-80 winter, together with contours of #. The
contour interval is 10 m s™!, with maximum values just south of Japan slightly in excess of 60 m s~!, and weak easterlies (around 10
m s7') in the tropical western Pacific. (a) High-pass eddies; (b) Low-pass eddies. The maximum value of |E|, in the central Pacific in

(b) is 430 m? s72,



1602

wave activity moving eastwards at a speed less than
that of the mean flow.

Plots of E therefore provide a simple way of sum-
‘marising the eddy feedback onto the mean flow as
well as the eddy anisotropy and group velocity char-
acteristics. However, in going from the tensor com-
ponents M and N to E, approximations have been
made in which the x and y directions have been
treated differently, so that E does not transform as
a vector. It could be considered that any of the long
storm-track, temperature contour or vorticity con-
tour directions are more fundamental. However it
may be shown that if E is at an angle ¢; with the x-
axis when approximated in one coordinate system
then, when approximated relative to a coordinate sys-
tem rotated by an angle ¢,, the magnitude and di-
rection of E are changed by order the maximum of
&> and ¢¢;. Thus, for coordinate and E directions
not differing too much from the zonal direction, the
change in E is small. An example in which this is
checked will be given below.

4. Quasi-geostrophic baroclinic theory

It is often preferable to consider the mechanical
and thermal effects of the eddies separately, in par-
ticular because the vorticity flux alone influences the
~ depth averaged vorticity balance. However, it is also

of interest to extend the above theory to the quasi-
geostrophic, baroclinic case. )
For simplicity we shall make the Boussinesq ap-
proximation and use. as thermodynamic variable a
buoyancy & which may be considered to be g[f
. — O(2)]/8, where 6 is the potential temperature, 6(z)

a standard distribution and 6, a standard value. The

thermal wind relations are
f ()Uz = bX9

and the quasi-geostrophic potential vorticity equation
is

fOuz = _by9

(@ +v:V)g=2D, (29)

where ¢ = ¢ + fo(b/N?), and N?(z) is the square of
the basic buoyancy frequency. The local dispersion
relation for waves of the form cos(kx + ly + mz
—wi) is
w=kii+ 0 ;

— (k> + P2+ fom? Nk, ~ 13,). (30)
Defining the group velocity ¢ = (dw/dk, dw/dl, dw/
dmy), and proceeding as in Section 2 gives

YVog(cg — ¥)
= V(=M — B N?, — N, f0BIN?), (31)

where the tilde axes are tangential and normal to ¢
contours. The extra ingredients added by the baro-
clinicity are a component westwards along § contours
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proportional to the buoyancy (or temperature) vari-
ance, and a vertical component proportional to the
cross g heat flux. Typical magnitudes of —Y256"%/N?
for the high-pass eddies are —50 m? s™2 in the lower
troposphere and —20 m? s™2 near the 250 mb level.
The lower tropospheric values are comparable with
M so that, qualitatively, the ‘eastwards’ component
of the group velocity may be expected to be com-
parable with that of the mean flow. At upper levels
the baroclinic component merely implies some re-
duction in the excess of the group velocity over the
mean flow speed, The comparable values for the low-
pass eddies are —100 m? s? and —50 m? s~2, but the
baroclinic component now acts only to increase the
notion that the group velocity is westwards relative
to the mean flow. _
The eddy potential enstrophy equation is

0, +v- Vg% +vqg'-Vg=D'q' (32)

Now ) .

Vg =V + foV (BTN,
= [_M)’ + Nx + fO(W/‘Nz)z’
~M, — N; + fo(0B'/N?),]

+ Wla [(2b7),, — (b)), (33)

As before, with the stringent assumption that hori-
zontal gradients of mean flow quantities may be ne-
glected compared with those of eddy fluxes, (33) and
(31) give :

v -V§ = Vs l(cg — Vg, (34)
Here V; is the three-dimensional gradient operator.
Since v-is horizontal and non-divergent, (34) substi-
tuted in (32) gives a conservation relation for the eddy
potential enstrophy:

32q? + V3 (c2q?) = D'q’. (35)

Again this is the result of Young and Rhines (1980).
Recently Andrews (1983) has derived a conservation
relation for quasi-geostrophic eddies which also ap-
plies in three space dimensions. His derivation does
not require such a restrictive assumption but does
require the eddies to be of small amplitude. Also, the
final form of 'the relation is somewhat complicated
since the flux term itself includes time derivatives.
The relative usefulness of the results of Young and
Rhines (1980) and Andrews (1983) remains to be
determined.>

3 Plumb (personal communication, 1983) has also derived a
quasi-geostrophic eddy conservation relation in which the flux in-
volves ageostrophic velocities.
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The feedback of the eddies onto the mean flow
may be seen from the mean potential vorticity equa-
tion:

@+v-V)g+V-vig =D. (36)
From (33), the eddy term may be rewritten '
Vv = 3,V5-(=2M, —N, foo'b'/N?)
+9,V3-(N, 0, fou'b'/N?. (37)

The convergence associated with the x-component
of “heat” flux is generally negligible compared with
that associated with the y-component. The smallness
of the horizontal component contribution to the last
term in (37) was discussed in Section 3, and so it may
be anticipated that the whole term may be neglected.
This gives

V.vq =~ 4,9;-E. (38)

This is the three-dimensional version of (26) where
the three-dimensional “vector” E is now defined as

E=(%2—u?, —uv', fo'b/N?.  (39a)
In pressure coordinates we would have
E = (02— u?, —uv', f'0'/0,).  (39b)

It is noteworthy that the last two components are, for
zonal averaging, identical with those of the Eliassen—
Palm flux. _

A complete mathematical problem for the mean
flow is given by the potential vorticity equation (36)
and boundary conditions. On a lower boundary on
which w = 0, the mean thermodynamic equation is

@A+ v-Vb+V-vb = Q. (40)

Thus the total effect of the eddies is given by E
through its relation (38) with the potential vorticity
flux divergence and its vertical component at a lower
boundary, provided again that V- v'b’ in (40) is dom-
inated by 9,0'b’.

Since the mean potential vorticity is § = f + 0,
— 1, + fo(b/N?),, again the mean flow forcing in the
free atmosphere is the same as if there was an eddy
x-momentum flux

—E = u? — v, u'v', —f0'b'/N?). (41)

Just as the extra horizontal term —v”? may be asso-
ciated with the y component of the mean horizontal
ageostrophic circulation fo'[~(v?),, (v?),, 0] whose
x component would tend to balance the y-momen-
tum equation, so the vertical component may be as-
sociated with the y-component of the mean vertical
ageostrophic circulation [0, (v'b'/N?),, —(v'b'/N ?),]
whose vertical component would tend to balance the
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thermodynamic equation. A direct approach reveal-
ing the importance of V;-E in the x-momentum
equation is given in Appendix A. _

If the boundary condition (40) is incorporated in
terms of a é-function in potential vorticity in the
manner of Bretherton (1966), then it may be seen
that a boundary positive meridional heat flux implies
an upward component of E, a é-function divergence
below it, and acts in the same way as a positive 8-
function forcing of westerly momentum at the sur-
face. However, this way of viewing the problem tends
to overemphasize the role of eddy heat flux. Ageo-
strophic vertical circulations distribute the boundary
é-function westerly forcing over a scale height depth,:
thus giving a large cancellation with the easterly forc-
ing implied by the convergence of E in the middle
and upper troposphere. Consequently it is often pref-
erable to consider separately the mean barotropic and
baroclinic forcings associated with the horizontal and
vertical components of E, respectively.

Just as the horizontal components of E describe
the characteristic horizontal eddy shape, so the ver-
tical component gives a measure of the characteristic
westward tilt with height. Further, although the in-
formation is largely qualitative, comparison of (39a)
with (31) shows that E gives an indication of the ver-
tical as well as horizontal propagation of the eddy
activity when such notions are valid.

The heat flux by transient eddies is a maximum
at lower tropospheric levels so that a quite complete
picture of eddy structure, group velocity and mean
flow forcing may be obtained by plotting contours of
low level poleward heat flux along with arrows show-
ing the horizontal portion of E at an upper tropo-
spheric level. Fig. 7 shows such pictures for the high-
and low-pass transient eddies in the Northern Hemi-
sphere 1979-80 winter. As demonstrated by the heat
flux contours, the high-pass eddies (Fig. 7a) exhibit
low-level westward tilt with height, which one may
assume is a reflection of their growth through baro-
clinic processes, and upward propagation of wave
activity. At upper levels, as discussed before, merid-
ionally elongated eddy activity propagates down-
stream and equatorwards. Using the potential vortic-
ity approach to the mean flow problem, the eddies
give a forcing equivalent to a westerly §-function at
low levels early in the stormtrack. As Holopainen et
al. (1982) found, the convergence of the vertical com-
ponent of E at upper levels probably dominates the
divergence of the horizontal component to give an
equivalent of easterly forcing. Further along the
storm-track the horizontal convergence of E implies
easterly forcing. However, in the spirit of the above
comments, it is somewhat simpler to note the ten-
dency of the eddies to weaken the mean baroclinity
and thus the vertical shear in the mean westerly wind
and to increase the mean barotropic westerly wind.
The former occurs in the beginning of the storm track
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FIG. 7. The three-dimensional pattern of E for the Northern Hemisphere 1979-80 winter, indicated by E = (v — 4?2, — u'v") at 250
mb, together with the poleward temperature flux v’7” at 700 mb (contour interval 5 K m s™'; the first contour displayed is for +5 K
m s~'). (a) High-pass filtered transients; (b) Low-pass filtered transients. !

and the latter in the beginning and middle of the
track.

The low-pass eddies at the exits of the Pacific and
Atlantic jets (Fig. 7b) show some evidence of low-

level baroclinic structure and upward propagation,

but display mainly thé barotropic picture of zonally
elongated eddies propagating slower than the westerly

flow. The mean flow forcing has the equivalent of a

small westerly é-function at low levels near 160°E,
35°N. At upper levels, the convergence of the vertical
component of E reinforces that of the horizontal
component to give strong eastérly forcing. Near
160°W the divergence of the horizontal components
of E implies westerly forcing, as before. Again, an
easier interpretation is perhaps provided by observing
the tendency to reduce the vertical shear in the west-
erly wind near 160°E and decrease the barotropic
westerlies there and to increase the barotropic west-
erlies near 160°W.

Finally, returning to the approximations made in
the theory developed here, it should be noted that the
vertical component of E, like the horizontal com-
ponents, depends on the orientation of the axes used.
One might anticipate however that for a heat flux
dominated by its meridional component there will
be only small sensitivity to small rotations of the x-
axis from the zonal direction. As an example, Fig. 8
shows the high-pass transient eddy picture corre-
sponding to Fig. 7a except that E is determined locally
using the 250 mb streamfunction contours shown in
Fig. 1. :

The differences are nearly all small, and are most
pronounced in the diffluent part of the flow in the
mid-Atlantic (around 20-30°W), where the stream-
lines make fairly large angles with the zonal direction.

FiG. 8. As in Fig. 7a, except that E and vT are_determined
relative to local coordinates aligned with contours of ¢ at 250 mb
(see Fig. 1).
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In particular, the equatorward turning of E at the
southeast end of the storm track is accentuated. How-
ever, the pattern of V - E is virtually unaltered by the
rotation, since the vectors are quite small in the re-
gions where they are rotated through large angles. It
is found that the low-pass’pictures show agreement
in the important jet exit regions but differ over Europe
and near 170°E, 60°N and 60°W, 60°N where, again,
the orientation of the streamfunction contours is less
zonal. In the regions in which eddy forcing of the
mean flow is important and has been discussed in
this paper, E appears to be almost invariant under
the small horizontal rotations of coordinate systems
which are generally relevant. Therefore, the usual lat-
itude-longitude system may be used for evaluation.

5. Some comments on the Southern Hemisphere cir-
culation

The ECMWF archives are global, and while the
Southern Hemisphere analyses are undoubtedly of
substantially poorer quality than those of the North-
ern Hemisphere, it seems worth applying the above
ideas to them. Accordingly, some Southern Hemi-
sphere pictures are now presented for the period 1
June 1980 to 31 August 1980. The results broadly
confirm and extend the findings of Physick (1981)
and Trenberth (1981, 1982). The mean flow is shown
in Fig. 9. The jet is rather uniform, but with a weaker
section in the east Pacific, and an upper level maxi-

o'w

FIG. 9. Contours of { at 250 mb for the Southern Hemisphere
from | June 1980 to 31 August 1980. Contour interval is 12.7
X 10°m?s™', as in Fig. 1. The shading indicates wind speeds higher
than 35 m s™!. The largest wind speeds, somewhat less than 50
m s~', were over the Pacific Ocean north of New Zealand.
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mum west of Australia. There is a slight split of the
jet to the south of Australia.

The high- and low-pass filtered velocity correlation
tensor is illustrated by Fig. 10. The high-pass filtered
correlations reveal a single extended region of en-
hanced eddy activity starting in the mid-Atlantic and
coming to an end near Australia. The anisotropy in-
dex o = M/K, is generally near 0.5 throughout the
storm track, a value rather larger than in the Northern
Hemisphere. The high frequency eddies are again
characteristically extended in the meridional direc-
tion. :

The low frequency eddies are much weaker than
their Northern Hemisphere counterparts. The max-
ima, both of K and M, tend to be localized, with the
most intense maximum at 100°E, 35°S. Here and
elsewhere, the eddy axes are zonally directed. An ex-
ception is the region of the Drake passage where v
exceeds #? and so the.anisotropy index is large, be-

tween 0.5 and 0.6, in the neighborhood of the max-

ima in K.

~ The two dimensional E vector is a very good ap-
proximation to the eddy propagation and mean flow
forcing indicated by the eddy anisotropy vector. The
horizontal components of E, shown in Fig. 11, are
either normal to the anisotropy vectors (in the case
of the high frequency fields), or parallel to them (as
for the low frequency eddies). The only region where
this is not true is to the west of the Australian con-
tinent, where the E vectors make very large angles
with the zonal direction. Here E is more nearly per-
pendicular to the local anisotropy if it is calculated
relative to axes parallel to the local 700 mb isothenp,
although the change is rather slight.

The forcing of the mean flow by the eddies is dem-
onstrated in Fig. 12, which shows the exact form of
the streamfunction forcing, S = —VA(N,, — N,,
— 2M,,). In the Southern Hemisphere, the approxi-
mate version S ~ —V~}—N,, — 2M,,) is very similar
for both the high and low frequency data. The am-
plitude of some major features changes slightly, but
the shape of the field is not sensitive to the approx-
imation. This close agreement is related to the gen-
erally rather slow zonal variation of the Southern
Hemisphere flow.

Consistent with Fig. 12, the high-pass filtered E
vector in Fig. 114 indicates westerly acceleration at
50°S, from 30°E to 130°E, and a corresponding east-
erly acceleration near 30°S. The associated low level
v'T" indicates the baroclinic nature of the eddies. The
westerly acceleration is particularly intense, reaching
values of about 9 m s™! day ~! near 55°S, 70°E. At
this location, the tendency to accelerate westerlies is
also supported by the low-pass filtered transients; it
is interesting to note that the tendency of the tro-
pospheric jet to split is particularly marked at this
longitude (see Fig. 10). Wave activity propagates into
the strong upper level jet over Australia, while low
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FiG. 10. Illustrating the ifelocity correlation tensor for (a) high-pass filtered eddies, (b) low-pass filtered eddies for the Southern
Hemisphere winter 1980. All other details as for Fig. 2. The high-pass data reveal a single storm track over the southern Atlantic and

Indian Oceans, and less eddy activity over the Pacific Ocean. The eddies are elongated meridionally, with a large anisotropy index. In
contrast the low-pass eddies are very weak (compare Fig. 3) and rather disorganized.

level baroclinic activity is maintained beneath the of the Southern Hemisphere tropospheric jet to split
southern branch of the jet. is strongly supported by transient eddy fluxes of vor-
Such data suggest that the well-known propensity ticity.

— 100ms? ow — 100 ms? o'W

FIG. 11. E = (v — 4%, —u'v') at 250 mb, together with contours of v'T" at 700 mb for the Southern Hemisphere winter 1980. Contour
interval is 5 K m s™', and the first contour plotted is —5 K m s~'. (a) The high-pass filtered eddies show a single storm track over the
South Atlantic and Indian Oceans with weaker eddy activity over the Pacific. E is generally directed to the east. (b) The low-pass filtered
E is mostly weak and disorganized with rather little coherent vertical component.
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FG. 12. § = ;—V'Z(V-v’g”) for the Southern Hemisphere winter 1980 at 250 mb. Details are as in Fig. 5. (a) High-pass filtered
transients; (b) Low-pass filtered transients. The low-pass S is much less important than in the Northern Hemisphere winter. The zonal
variation is relatively small in both the high and low pass fields. The fields are almost unaltered when the approximation V - v'{" = AR
E is employed.

A single season of data is not a long enough record
from which statistically significant details of the cli-
matology of the low frequency transients can be in-
ferred. The weak, disorganized nature of the field,
and barotropic nature of the strongest transients, is
however clear from Fig. 11b. Generally, the low fre-
quency transients tend to force westerlies between
40°S and 60°S, and easterlies at more tropical lati-
tudes. A complex quadrupole pattern of forcing (Fig.
12) is associated with the strongest pattern of low
frequency E vectors to the southwest of Australia.

6. Conclusion

It has been shown that, in simple situations, the
anisotropic eddy horizontal velocity correlation ten-
sor implies the shape and propagation of eddies and
the feedback of the eddies onto the mean flow. Mak-
ing an approximation which has been found to be
justified in most areas of interest, the diagnostic quan-
tity has been reduced to a “vector” E = v"?
— u?, —u'"', fov'0'/0,). Because of its connection
with previous theory, E might be referred to as an

\

FIG. 13. A schematic diagram of the three-dimensional distribution of E for the high-pass
filtered eddies in a storm track. Eddy activity originates at low levels at the start of the storm
track and propagates upwards and eastwards, where the eddies strengthen the barotropic wind
but weaken the vertical wind shear. Towards the end of the storm track eddy activity propagates
mainly horizontally in the upper troposphere, with a stronger meridional component, resulting
in a slight weakening of the barotropic flow. The feedbacks onto the mean flow are indicated
by the negative 9ii/dz and horizontal circulation arrows.
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FI1G. 14. A schematic diagram of the distribution of E for the
low-pass filtered eddies in the Northern Hemisphere. The vertical
component is insignificant. In the jet exit region, low frequency
eddy activity elongated in the zonal direction propagates westwards
relative to the mean flow. The resulting mean flow forcing indicated
by circulation arrows tends to attenuate the zonal asymmetry of
the jet.

extended Eliassen—Palm flux, though it must be re-
cognised that the present three dimensional theory
necessitates approximations which were not required
in the zonally averaged development of Andrews and
Mclntyre (1976). Further, the group velocity infor-
‘mation given by E is essentially qualitative, and E
plays no direct role in a general eddy conservation
relation. Its major quantitative significance is in de-
termining the eddy feedback onto the mean flow. The
importance of the zonal or meridional extension of
eddies when they occupy a region of limited zonal
extent is illustrated through E and combined with the
more frequently discussed tilted trough momentum
flux. .

The eddy pictures for the 1979-80 Northern Hemi-
sphere winter have emphasized that, even though
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there is no gap in the energy spectrum, there is a
dramatic change in eddy structure and mean flow
feedback near periods of ten days. The high-pass ed-
dies in their storm tracks have a behavior which is
summarized in Fig. 13. The main features are low-
level baroclinic development and upward propaga-
tion followed by downstream and then equatorward
propagation of meridionally elongated eddies which
develop troughs tilted from SW-NE. The feedback
onto the mean flow is in the sense of decreasing the
vertical shear in the westerly wind near the entrance
to the storm track and increasing the barotropic west-
erly flow near the entrance and middle of the track.
The most important feature in the low-pass eddy pic-
tures is the barotropic behavior in the jet exit regions.
This is summarized in Fig. 14. The zonally elongated
eddies move westward relative to the zonal flow.
Their mean flow forcing is in the sense of reducing
the westerly wind where it is strong and increasing
it where it is weak. This acts to decrease the kinetic
energy of the mean flow and therefore in the absence
of dissipation would increase the kinetic energy of the
transients. To make this explicit, we note that taking
the mean frictionless barotropic vorticity equation
with the eddy forcing represented by —4,V - E, mul-
tiplying by ¢ and integrating over the globe using
integration by parts gives

d/dt (eddy kinetic energy)
= —d/dt (mean kinetic energy)
= —correlation of 7and V-E.

This is entirely consistent with the study of Simmons
et al. (1983) which shows that typical time mean up-
per tropospheric flows are barotropically unstable to
perturbations which during their time of maximum

M2 5-2

F1G. 15. The barotropic flow and E vector during a North Atlantic blocking episode. Contours
show # (contour interval 5 m s™') and the vectors the high-pass filtered E = (v — u?,
—u'v’), both averaged between 1000 mb and 150 mb, for the period 26 November-7 December
1981. Note the tendency for the transient forcing to reinforce the block.
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FIG. 16. The form of the slowly and rapidly varying components of the 250 mb geopotential
height on 4 December 1981 during the block shown in Fig. 14. The heavy contours drawn
every 10 m indicate the high frequency transients, solid contours being positive and dashed
negative. The mean field and low frequency transients are shown by the light contours, the
interval being 100 m. Details of the calculation are given in the text. Upstream of the block
the eddies are oriented north-south, while downsteam they are extended in the east-west
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direction.

amplitude have exactly the structure shown in Fig.

14. Fig. 16 of Simmons et al. shows the horizontal

extended Eliassen-Palm flux picture for a typical
mode and is strikingly similar to the real data picture
shown in Fig. 6b. There are signs in the full picture
(Fig. 7b) that the baroclinic structure of these eddies
might be of some importance. Finally, we note that
the zonal extent of large »” is only about 40°. Since
the eddies are elongated in this zonal direction, this
is suggestive that the E vector signature is that of a
standing oscillation in the jet exit region correspond-
ing to the large or small extension of the Asian jet
over the Pacific.

The E vector can also play a useful role in inves-
tigating the feedback of transient eddies of synoptic
time scales onto low-frequency atmospheric behavior
such as blocking. The period 26 November~7 De-
cember 1981 was characterized by a blocking high in
the eastern Atlantic. The time-mean zonal wind for
that period, vertically averaged between 1000 and 150
mb, is displayed in Fig. 15, together with the vertically
averaged E vector for high-pass filtered transients.
[The particular high-pass filter used has a cut-off of
approximately 7 days; it is described on pages 7-9 of
Lau et al. (1981).] The vectors both upstream and
downstream of the block tend to point towards the
region of weak flow, implying a convergence of E and
an easterly acceleration of the mean flow there, thus
tending to maintain the block. An example of the
structure of the synoptic eddies which produce such
a pattern is shown in Fig. 16, which contrasts low-
and high-frequency components of 250 mb geopo-
tential height for 3-5 December 1981. The low-fre-
quency component was obtained by a +1+2+1

weighting of the three daily height fields and is shown
by the lighter contours. The block is clearly evident.
The heavier contours show the high-frequency com-
ponent, obtained by a —1+2—1 weighting of the three
height fields. The changing orientation of high-fre-
quency disturbances as they move around the block,
and the resulting change in the E vector is clearly
evident and agrees with synoptic experience. As sys-
tems approach the block from the west they become
meridionally elongated and weaken. On the east side
of the block cold air outbreaks from the north are
associated with zonally elongated transients. Further
case studies of blocking episodes are planned.
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APPENDIX A

An Alternative Approach Using the Mean-Flow
Momentum Equations

For simplicity, consider the mean vector horizontal
momentum equation on an f-plane:

Dv=—~fk XV, +V, (A1)
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where

V,=V— f'lk X Vg,

V=—V.vu', V.v'),
and V is the horizontal gradient operator. The con-
vergence of the eddy vertical flux of momentum has
been neglected. The curl of V forces mean vorticity
whilst its divergence enters only in the mean diver-
gence equation which in most large-scale situations
reduces to the balance equation. Therefore we may
consider defining a modified mean ageostrophic ve-
‘locity and a modified eddy momentum flux conver-
gence:
(A2)

(A3)

Vam =V — Tk X V(3 + S),
m=—(V.v' V-vv) + VS.

The momentum equation with these modified defi-
nitions is identical in form with (A1) and V-¥,,
=V-v,.

As suggested by J. S. A. Green (personal com-
munication, 1982) it is natural to choose S to min-
imize the almost irrelevant divergence of V,,. This
can also be shown (J. S. A. Green) to be the condition
that the rms length of V,, be minimized. Now

V-V, = _(F)xx - Z(W)xy

— )y + Sux + Sy, (A4)

k-VXV, =-(u’2 - U’Z) - (W)xx - (Tvl)yy (A5)

For the synoptic time-scale eddies, 7 is larger than
u” and u'v’ and 9/dy > d/dx. Thus (A4) suggests that

a choice S = v"2 will reduce the divergence of V,, and

make it much smaller than its curl. For the longer
time-scales, with ©’? dominating and 8/dy > 8/9dx, the
divergence is smaller than the curl even with .S = 0.
However, the choice S = v? maintains their relative
magnitudes.

Choosing S = v2, (A2) and (A3) give

Vam = ¥ = [Tk X V(¢ + v?), (A6)

Vi = (V-E, —(u'v),), (A7)
where E is defined as in (26). The scalar momentum
equations are therefore

Dii = fb,, + V-E, (A8)
DV = ~fily, — (U'V'),. (A9)

The eddy forcing term —(u'v’), in (A9) is generally
very small so that the mechanical forcing by the ed-
dies is accurately represented by V-E in the x-mo-
mentum equation.

In three dimensions at the level of quasi-geo-
strophic theory, the mean equations of motion for a
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Boussinesq, adiabatic fluid may be written:
Di = 5 — ¢~ V- (V')
=fi-¢,=V-(v) o,
Db = —Nz)w — V- (v'b))

<

(A10)

with
Uy+0,+w,=0 and w=0 on z=0,
plus the thermal wind relations involving b, # and

v. Redefining the mean three-dlmenswnal ageo-
strophic motion:

Vam = (i, D, W) — F 'k X (¢ + v7?)
+ (Wb N, —(WBN?),, V-(VD)/N?, (All)
Eq. (A10) may be written
Di = fv,, + V3-E
DO = ~fllgm — (') —
Db = - N4,
with 1
V3 Vam = 0 and Wam = V- (vVb)/N? on z = 0.

In' this form, there is no direct eddy forcing in the
b-equation, usually only very small forcing in the
v-equation, and a forcing in the #-equation of the
form V5 - E where E is the three-dimensional ‘““vector”
defined in (39a). The reservation on the utility of this
form is that the eddy forcing appears also in the
boundary value of w,,. In many respects, (A12) is
a natural quasi-geostrophic extension of the trans-
formed mean-flow equations of Andrews and Mc-
Intyre (1976) and ¥,,, is an extension of their residual
circulation concept.

<
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APPENDIX B
Data sources and Manipulation

The data discussed in this paper were extracted
from the archives maintained at the European Centre
for Medium Range Weather Forecasts (ECMWF).
Data is objectively analysed every six hours onto a
high resolution latitude-longitude grid and balanced
using a normal mode initialization scheme. The mul- .
tivariate statistical interpolation analysis scheme em-
ployed is described by Lorenc (1981); for details of
the initialization procedure, see Temperton and Wil-
liamson (1981) and Williamson and Temperton
(1981). For compact archiving, the fields are ex-
pressed as spherical harmonic coefficients (triangular
truncation at wavenumber 80), which are then packed
so that each word of computer store holds four num-
bers.
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Fields of velocity, temperature, geopotential height,
humidity and vertical velocity are archived for 13
standard pressure surfaces distributed approximately
logarithmically between 1000 mb and 30 mb. For the
purposes of this paper, the 700 mb level was taken
to represent the lower troposphere and the 250 mb
level the jet stream level. The archives start in Sep-
tember 1979, so that at present climatological statis-
tics of the kind presented by Blackmon et al. (1977)
and others are not possible. However, statistics for
periods as long as complete seasons can be produced
easily.

The data extraction programs recover the required
fields from the archives, unpack them and calculate
gridpoint values for a specified grid. Considerable
computer resources can be saved by a careful restric-
tion of the resolution required for the diagnostics. It
has proved sufficient to extract data on a 5° latitude—
longitude grid, for which only waves up to triangular
truncation 30 need be included. Furthermore, rather
little variance is associated with periods of less than
two days so that the fields need to be extracted only
daily when calculating time averages. Since there are
few upper air observations at 0600 and 1800 GMT,
the model-generated background field will dominate
the analysis at these times. In an attempt to maximize
the number of observations over the Pacific, the 0000
GMT analyses were used in the present study.

It is believed that the ECMWF analyses are prob-
ably the most accurate routine global analyses cur-
rently available. But they have a number of readily
identifiable shortcomings.

Most seriously, the tropical divergent wind field is

seriously attenuated by the initialization procedure. -

The initialization is nevertheless important away
from the tropics, where it removes spurious imbal-
ances beween the mass and wind fields and yields a
good estimate of the vertical velocity. The error is
related to difficulties in incorporating diabatic pro-
cesses in the initialization algorithm. Since the dis-
cussion in this paper is concerned with mid-latitude
effects, the impact of this error can be ignored.

The packing procedure leads to errors in the wind
fields at high latitudes (i.e., within 10-15° of the
poles). These may be as large as +5 m s™!, and some
of the noise in the wind variance fields at high lati-
tudes (see, for example, Figs. 5 and 7) may be due
to packing errors. This ill-conditioning becomes rap-
idly less important at lower latitudes and probably
is not significant. In polar regions, the split of the
wind field into zonal and meridional components,
which is crucial to the definition of E, becomes ar-
bitrary. So it may be argued that, because the diag-
nostic is inappropriate to the polar region, this pack-
ing error is unimportant.

It should be recorded that steps have been taken
to reduce both these errors, and current ECMWF
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archives are now more reliable in polar and tropical
regions.

Remaining difficulties concern the deficiencies of
the observing network itself. Clearly, the analyses will
be of poorer quality in the Southern Hemisphere, in
the stratosphere and over the oceans. It is difficult to
quantify the uncertainty. However, some of the more
glaring shortcomings, such as heat flux maxima cen-
tered on Southern Hemisphere island stations noted
by earlier workers (van Loon, 1980) are not as ap-
parent. Further discussion of these points is given in
White (1982).

Filtering of the transient variance and co-variance
fields was accomplished using a 31-point filter, so that
the filtered version § of any quantity of g is given by

g = 2 aiQs+is (B1)

=—n

where ¢ denotes the time level, a; are the filter coef-
ficients and » = 15 in our case. High and low pass
filter coefficients were calculated using the Lanczos
method [see Duchon (1979)]. Its advantage lies in the
sharpness of the response and the near absence of any
Gibbs phenomena around the cut-off frequencies.
Clearly such a filter requires a further n time levels
at either end of the data sequence, and its imple-
mentation will carry a computational penalty. This
proved fairly small compared with the cost of an un-
filtered calculation for a seasonal sequence. For cal-
culations involving much shorter data sequences,
such as that described in Section 6, a simpler filtering
technique, based on Lorenz’s “poor man’s spectral
analysis” [Lorenz (1979)] was used.

For the seasonal means described in this paper, a
high-pass and a low-pass filter, each with a cut-off

H
ﬂl
w
=
(=3
o
wv
z
o
——————— L ——————— -
20 10 5 3 2
period {days)

F1G. B!. Response functions of the 31-point Lanczos filters used
in this paper. L denotes the low pass filter, with a high frequency
cutoff corresponding to a period of 10 days, while H denotes the
high pass filter with the low frequency cutoff at a period of 10 days.
The L filter passes 19% of the variance of white noise, while the
H filter passes 81% of the variance.
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period of 10 days, were chosen. The pattern of the
filtered fields is insensitive to the precise values of the
cut-off, although their magnitudes will change. Life
cycle calculations (Simmons and Hoskins (1978))
suggested that periods between 2 and 10 days would
include most of the variance directly due to baroclinic
instability. The response curves for these filters are
shown in Fig. BI.

On a spherical domain, any spatial filtering needed
is best done by operating on the spectral coefficients.
For example, the large-scale structures present in the
vorticity forcing were demonstrated by applying a
V-2 operator on the basic field (Fig. 5). The necessary
spectral decomposition was accomplished by using
a fast Fourier transform in the zonal direction and
by direct numerical integration (using the trapezium
rule) in the meridional direction. The resulting spec-
tral coefficients are reasonably accurate, especially if
the coefficients for large total wavenumber are to be
reduced or set to zero. In the case of a 5° grid, the
application of a V2 operator required only a second
or so of computer time.
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