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Other physicists had already made the mathematical extension of Kelvin's theorem to 

compressible fluids, but it was not until Vilhelm Bjerknes' landmark 1898 paper that 

meteorology and oceanography began to adopt this insight 

This essay is primarily about the Bjerknes circu-
lation theorem (Bjerknes 1898). This theorem, 
formulated by Vilhelm Bjerknes, was published 

in a paper of 1898, in the Proceedings of the Royal 
Swedish Academy of Sciences in Stockholm. The pa-
per is in German, being one of the primary languages 
of scientific publications of that era. The title of the 
paper is "On a Fundamental Theorem of Hydrody-
namics and Its Applications Particularly to the Me-
chanics of the Atmosphere and the World's Oceans." 
It has 35 pages, 36 sections, and 14 figures. The sig-
nificance of this paper is twofold. It provided a key 

insight into the way circulation develops in geophysi-
cal fluids. But it also marked the beginning of the tran-
sition of Vilhelm Bjerknes' research from the field of 
electrostatics, electromagnetic theory, and pure hy-
drodynamics into that of atmospheric physics. 

Prior to the introduction of this theorem the think-
ing on rotation in a fluid followed two distinct lines. 
The quantity we now call vorticity (curl of the veloc-
ity vector) had been the subject of fundamental stud-
ies by H. Helmholtz, although its recognition as a fluid 
property predates these studies by at least 80 years. 
In Helmholtz (1858) equations for the rate of change 
of vorticity had been derived for a homogeneous in-
viscid fluid. Helmholtz thereby deduced that for a 
constant density fluid a material line element (a "vor-
tex filament") aligned with the vorticity vector will 
always remain so aligned. In essence if no vorticity 
currently exists, then none could be generated by 
conservative forces. 

Lord Kelvin, in a paper in 1867 (Thomson 1867), 
had approached the problem of rotation in a differ-
ent way by defining a quantity called circulation given 
by the following expression: 

C = j ) U ' d l , (1) 
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where the integral is around any closed curve in the 
fluid and dl is a line element vector pointing along 
the curve. Kelvin's theorem states that the circulation 
around a material circuit is constant for a homoge-
neous inviscid fluid. A material circuit is one that al-
ways consists of the same fluid parcels. 

By using Stokes's theorem one can easily derive the 
relationship between the relative circulation, C, and 
the relative vorticity: 

C — JJ^cfA, (2) 

where the integrals are over any surface with a perim-
eter defined by the aforementioned closed curve, £ is 
the relative vorticity vector, and d A is an elemental 
area vector pointing normal to the surface. In other 
words, circulation is an area average of the normal 
component of vorticity. Vorticity is a differentiated 
quantity, mathematically defined at a point, and so it 
is not easy to observe at small scales. Therefore an area 
average, that is, the circulation, is all that actual ob-
servations can define. 

Both Helmholtz's vorticity equation and Kelvin's 
circulation theorem have limited applicability to the 
atmosphere because they refer to a constant density 
fluid. In 1895 J. R. Schutz (Schutz 1895), a German 
physicist working at the University of Gottingen, ex-
tended Helmholtz's vorticity equations to the case of 
a compressible fluid. In a short note he showed that 
vorticity can be generated by terms in the equation 
depending on spatial gradients of density and pres-
sure. For example, 

Dt dx 
1 dp 

2 pdy) dyylpdx 
1 dp 

(3) 

where <̂ is the vertical component of the vorticity vec-
tor and it is interesting to note that at that time it was 
common practice to define vorticity as one-half of the 
curl of the velocity vector. While it is clear that the 
right-hand side of (3) can be written as the cross prod-
uct of the density and pressure gradients, Schutz did 
not comment on this. He looks for conditions where 
the right-hand side of (3) vanishes, that is, vorticity is 
conserved, and states that this is the case when dpip 
is a "total differential." This presages the importance 
of this quantity in the circulation theorem. In a foot-
note, Schutz notes that "for one who likes a paradox 
they may say that vortex motions are impossible in in-
compressible fluids, but easily generated in fluids with 
indefinitely small compressibility." 

In 1896 Ludwik Silberstein, a Polish physicist born 
in Warsaw, used Schiitz's extension of Helmholtz's 
vorticity equations to consider the cause of the emer-
gence of rotation in a nonhomogeneous fluid that 
initially has no such rotation. He considered a gas in 
which pressure and density surfaces may not coincide, 
which of course is the case in the atmosphere. 
Silberstein's paper appeared as a brochure published 
in Polish by the Academy of Sciences in Cracow 
[Silberstein (1896), and the following year, 1897, in 
the Proceedings of the Cracow Academy of Sciences] 
with the title "About the Creation of Eddies in the 
Ideal Fluid." These papers were published when 
Silberstein was 24 years old, working as a research as-
sistant in the physics laboratory of the Polytechnic in 
Lvov (about 300 km east of Cracow). Silberstein was 
interested, prior to 1909, in electromagnetic theory 
and the theory of electrons. For the remainder of his 
career (he died in 1948) he was concerned with the 
theory of relativity. His name is associated with the 
quaternion form of the special theory of relativity and 
in 1912 he wrote a paper on this in Philosophical 
Magazine (Sredniawa 1997). 

Silberstein (1896) asked the question about what 
distribution of density and pressure must occur in 
an ideal (frictionless) fluid to create vorticity if none 
was currently in existence, hence the title referring 
to the creation of eddies. Studying a general three-
dimensional flow he showed that the problem of vor-
ticity creation can be understood, from a physical 
viewpoint, in terms of intersecting surfaces of con-
stant pressure and density. This arises directly from 
his realization that the right-hand side of (3), for 
example, can be written as the Jacobian of the pres-
sure and density fields. In particular Silberstein shows 
that the orientation of developing vortex filaments is 
the same as that of the intersection line of constant pres-
sure and density surfaces. Furthermore he discusses that 
the intersection of these surfaces is the necessary and 
sufficient condition for the generation ("acceleration") 
of vorticity in a fluid. Finally he shows that the vor-
ticity generation depends on the cross product of the 
gradient of pressure and that of density. Silberstein's 
second theorem (Silberstein 1896) states that 

The elements of a frictionless fluid lacking vortical 
motion do not start to rotate if, and only if, the pres-
sure p can be expressed as a function of density p 
only, so that the surfaces of p and p coincide with 
each other . . . . 

The relative disposition of the pressure, p, and den-
sity, p, surfaces and the sense of the ensuing rotation 
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are described in Fig. 1 from Silberstein (1896, p. 329) 
and are reproduced here as Fig. 1. This results from 
his derivation, from (3), of the following equation for 
the rate of change of the magnitude of the vorticity, co\ 

D_ 

Dt 
CO = CO 

1 dp dp 
2p2 dn <3v 

s i n ( v , ft), (4) 

where n and v are normal to surfaces of constant pres-
sure and density, respectively, pointing toward their 
increasing values. This result for vortex filaments was 
also extended for vortex tubes. 

In most essential respects Silberstein's paper dis-
covered (first) all the fundamental aspects to be dis-
cussed by Bjerknes in his famous paper two years 
later. Bjerknes was aware of Silberstein's work and ref-
erences his paper in the 1898 work. The Silberstein 
(1896) paper was also published, in addition to Polish, 
in a German translation (without the figures, in a ver-
sion of the journal with a French name!). Note that 
Gill (1982) erroneously supposes that Bjerknes was 
not aware of the earlier Silberstein paper. As we shall 
see, Bjerknes was clearly the first to show that this 
vorticity equation (in the circulation form) can be 
used to explain the properties of geophysical fluids. 

V I L H E L M B J E R K N E S ' C I R C U L A T I O N 

T H E O R E M . It is fair to say that Silberstein, similar 
to Schiitz before him, viewed his result as "mathemati-
cal corollaries" and felt that "without conducting ap-
propriate scientific research" it was impossible to say 
how the conditions for creating eddies could actually 
arise. Bjerknes took exactly the opposite approach fo-
cusing in great detail on the practical application of 
these results. 

A few biographical details help set the scene for 
Bjerknes introduction of his circulation theorem. In 
1898, when he was 36, Vilhelm Bjerknes was profes-
sor of mathematical physics at the University of 
Stockholm. Vilhelm was the son of a noted applied 
mathematician, Carl Anton Bjerknes, who specialized 
in understanding the electromagnetic field. He pur-
sued hydrodynamic analogies to electromagnetic phe-
nomena in order to establish the existence and prop-
erties of the "ether"—the supposed physical medium 
through which electromagnetic interaction occurred. 
Vilhelm spent the early part of his scientific career 
assisting his father. He had studied under Heinrich 
Hertz who in turn was a student of Helmholtz. The 
hydrodynamic analogies (and laboratory realizations 
of these) demanded that Vilhelm develop a deep 
knowledge of hydrodynamics. 

FIG. I. R e p r o d u c t i o n o f Fig. I f r o m S i l b e r s t e i n (1896). 
T h e u n i t v e c t o r n is n o r m a l t o isobar ic sur faces, p o i n t -
ing t o w a r d h igh p r e s s u r e , a n d t h e u n i t v e c t o r v is n o r -
m a l t o t h e d e n s i t y sur faces, p o i n t i n g t o w a r d h igh d e n -
sity. T h e s y m b o l d s tands f o r t h e r a t e o f c h a n g e o f t h e 
m a g n i t u d e o f t h e v o r t i c i t y f o l l o w i n g a f l u i d p a r c e l . 
S i l b e r s t e i n s ta tes t h a t , " T h e axis o f t h e d e v e l o p i n g e d d y 
c o l l o c a t e s w i t h t h e a p p r o p r i a t e e l e m e n t o f t h e i n t e r -
s e c t i o n l ine ( o f c o n s t a n t d e n s i t y a n d p r e s s u r e sur faces) : 
t h e f lu id e l e m e n t begins t o r o t a t e a r o u n d th is l ine e le -
m e n t f r o m v t o w a r d n ( a l o n g t h e s h o r t e r p a r t ) w i t h 
v o r t i c a l a c c e l e r a t i o n a ' " 

The application of this knowledge to the atmo-
sphere arose from conversations with his friend Nils 
Ekholm, then an assistant at the Swedish weather ser-
vice and lecturer in meteorology at the university. 
Ekholm encouraged Bjerknes to make the transition 
to geophysical sciences. It was Ekholm who noted by 
plotting density charts that pressure and density fields 
were not coincident (as was generally believed at that 
time) and that cyclones formed in regions of rarified 
air; see Fig. 32 of Kutzbach (1979), which shows a 
figure from Ekholm (1891), and which is reproduced 
here as Fig. 2. Kutzbach, in her excellent book, sug-
gests that Bjerknes "consequently applied the circu-
lation theorem he had developed in 1897 in the course 
of his studies in hydrodynamics and electromagnetism." 

This brings us to the discussion of the Bjerknes 
(1898) paper. In many ways it is a remarkable paper. 
It has very few equations or numerical values and so 
is entirely a discourse on the qualitative geophysical 
implications of the theorem. The first 14 pages (con-
taining 11 sections) set the scene prior to the math-
ematical statement of the theorem. On the first page 
Bjerknes refers to one of his working papers published 
in Kristiania (Oslo) also in 1898 in which he says he 
had extended the earlier work of Helmholtz and 
Kelvin and provided the general analytical derivation 
of his theorem. Until page 14 of the main paper it is 
assumed that the reader is aware of, and understands, 
this background (i.e., the circulation theorem). There 
is extensive discussion of the components, such as 
pressure and density surfaces and their orientation, 
that makes up the practical application of the theo-
rem; see Fig. 2 of Bjerknes (1898), reproduced here 
as Fig. 3; the definition of the mobility vector is given 
later in this article. Note the similarity to Silberstein's 
diagram reproduced here as Fig. 1. 
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FIG. 2. R e p r o d u c t i o n o f a f i g u r e in E k h o l m ( 1 8 9 1 ) , w h i c h also a p p e a r s in K u t z b a c h ( 1 9 7 9 ) as Fig. 32 . O n 
t h e le f t is p r e s s u r e a n d t h e r i g h t d e n s i t y c o n t o u r s f o r 24 O c t 1882. T o n g u e s o f l o w a n d h igh d e n s i t y a i r 
a r e a p p a r e n t o v e r E n g l a n d w i t h i n a d e v e l o p i n g s t o r m . 

In the fourth chapter (Rotation and Circulation in 
a Fluid), the discussion goes back to basics and the pa-
per by Silberstein is referred to (via a reference to the 
title in French). On page 17 in the section titled "Cir-
culation of fluid curves," Bjerknes states, as theorem 
III, the circulation theorem: 

A closed curve in a fluid pos-
sesses, in its circular motion, 
an acceleration which is 
equal to the number of the 
isobaric-isosteric solenoids 
it encloses. 

To modern eyes the math-
ematics surrounding this state-
ment of the famous theorem is 
sketchy and unconvincing. The 
above statement, though, is 
evocative and makes explicit 
Bjerknes' background in elec-
tromagnetism (the use of the 
term solenoid). Note that 
Bjerknes uses the specific vol-
ume /c(=1 /p), in his notation, 
rather than density itself and 
hence the reference to isosteres. 

It helps at this point in the discussion to digress and 
describe the circulation theorem mathematically with 

modern terminology. In a frictionless flow the (rela-
tive) circulation changes according to the following 
equation: 

FIG. 3. R e p r o d u c t i o n o f Fig. 2 f r o m 
B j e r k n e s ( 1 8 9 8 ) , shows t h e sense o f 
t h e d e v e l o p i n g r o t a t i o n f r o m t h e 
m o b i l i t y v e c t o r B t o w a r d t h e pres -
s u r e g r a d i e n t v e c t o r G . 

DC 

Dt 
= -j)k dp, (5) 

where p is air pressure. 
This arises by differentiating 

the circulation, following a fluid 
parcel, that is, 

= — (j)u d l , 
nt J Dt Dt 

(6) 

which leads to the Bjerknes 
theorem, (5), if the equations of 
motion are used to replace the 
acceleration in terms of the 
pressure gradient force per unit 
mass and the geopotential gra-
dient. The latter term disap-
pears for a line integral around 
a circuit, leaving the term in pres-
sure and specific volume; see (5). 

Equation (5) can also be written in the following form, 
using Stokes' theorem: 
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DC 

Dt 
= J J B X G - d A , (7) 

where B = Vfc and G = -Vp. If surfaces of constant k 
and p coincide, as they do in a homogeneous fluid, 
then the circulation is constant (Kelvin's theorem). 

Eliassen and Kleinschmidt (1957) call B x G the 
baroclinicity vector. Here we have used Bjerknes' 
original notation for B the "mobility" vector and G 
the "pressure gradient" vector. (Bjerknes' terminol-
ogy in quotation marks.) Bjerknes makes a point of 
defining B with a positive sign, whereas G, with its 
minus sign, points in the same direction as the pres-
sure gradient force, from high to low values of pres-
sure. The mobility vector points from low to high spe-
cific volume or, if we temporarily take pressure to be 
constant, from low to high temperature (using the 
perfect gas law). A possible interpretation for this, and 
the name mobility, is that molecules are more mobile 
if temperature is higher. In any event, (7) shows that 
circulation develops in the direction moving from B 
to G; see Fig. 2 of Bjerknes (1898), reproduced here 
as Fig. 3. Whether the fact that the angle between B 
and G leads to the development of circulation implies 
a dual meaning of the term mobility is unclear. The 
different signs used in the definitions of B and G 
seemed to intrigue Bjerknes, who devotes more space 
in his various papers on the theorem to this aspect 
than its intrinsic importance might suggest is strictly 
necessary. 

The scene is now set for the 
various practical applications of 
the circulation theorem that oc-
cupy the remainder of the 1898 
paper and subsequent papers 
(Bjerknes 1900, 1902) on the 
subject. 

A P P L I C A T I O N S O F T H E 

B J E R K N E S ' T H E O R E M . I n 

considering the practical appli-
cation of the theorem, Bjerknes 
noted that if we plot surfaces of 
p and ky with unit interval, then 
each parallelogram thus formed 
contributes to the integral in (5) 
a value of either +1 or -1. Then 
the circulation will change if the 
number of +1 parallelograms 
(or solenoids) is different to the 
number of -1 solenoids along 
the prescribed circuit. So one 

FIG. 4 . R e p r o d u c t i o n o f F ig . 6 f r o m B j e r k n e s ( 1 8 9 8 ) , 
shows isobar ic sur faces w i t h d a s h e d l ines ( w i t h t h e pres-
s u r e g r a d i e n t v e c t o r G ) a n d isoster ic sur faces as sol id 
l ines. T h i s i l lus t ra tes A r c h i m e d e s ' p r i n c i p l e w i t h a m a s s 
o f less d e n s e a i r a n d t h e c o n s e q u e n t d e v e l o p m e n t o f 
c i r c u l a t i o n l e a d i n g t o t h e a s c e n t o f t h e mass . 

has only to count the number of solenoids. His use of 
the term solenoid comes from his background in elec-
tromagnetism and from the associated vector algebra. 

In all the examples in the 1898 paper the circula-
tion is considered to be occurring around a circuit that 
is in the vertical plane. Because pressure decreases up-
ward, G points predominantly upward in the atmo-
sphere. Bjerknes then considers various examples of 

distributions of surfaces of spe-
^ cific volume superimposed on 

the pressure surfaces. 
The many applications of the 

circulation theorem occupy the 
majority of the 1898 paper. 
There are sections on produc-
tion of rotation through heat-
ing, Archimedes' principle, air 
motion in a chimney, trade 
winds, land and sea breezes, 
monsoons, cyclones, anticy-
clones, and circulations in the 
oceans. We show here some of 
the figures from the 1898 paper 

FIG. 5. R e p r o d u c t i o n o f Fig. 7 f r o m 
B j e r k n e s ( 1 8 9 8 ) , w h i c h s h o w s t h e 
f l o w o f w a r m a i r up a c h i m n e y w i t h 
t h e i n f l o w i n t o t h e b a s e o f t h e 
c h i m n e y as a c o n s e q u e n c e o f t h e 
c i r c u l a t i o n . 
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FIG. 6 . R e p r o d u c t i o n o f Fig. 8 f r o m B j e r k n e s ( 1 8 9 8 ) . I t 
s h o w s t h e g l o b a l d i s t r i b u t i o n o f i sobars a n d i s o s t e r e s 
w i t h t h e c o n s e q u e n t m e r i d i o n a l c i r c u l a t i o n . B j e r k n e s 
uses th is d e d u c t i o n t o a c c o u n t f o r t h e s u b t r o p i c a l t r a d e 
w i n d s . 

that relate to these applications. [Figures 6, 7, 8, 9, 
10, and 14 from Bjerknes (1898) are reproduced here 
as Figs. 4, 5, 6, 7, 8, and 9.] In all of these areas the 
discussion in the paper is qualitative only and the dia-
grams are schematics. 

Vilhelm Bjerknes also published two papers in 
Meteorologische Zeitschrift on matters related to the 
circulation theorem. The first, in 1900, was titled "The 
Dynamical Principle of Circulatory Motions in the 
Atmosphere." This paper largely reiterates and sum-
marizes the basic theory in the 1898 treatise, again 
focusing on the practical calculation of the solenoi-
dal contributions; see Fig. 10, which reproduces Fig. 3 
of the 1900 paper. He shows in simple terms how the 
contribution to the integral in (3) associated with the 
solenoid in Fig. 10 is (kl - kQ)(pl -p 0 ) . The paper again 
notes that Silberstein had previously discovered the 
generalization to Helmholtz's vorticity theory. The 
paper ends abruptly with the statement "Fortsetzung 
folgt." or "continuation to follow"! 

In 1902 he published a paper titled "Circulation 
Relative to the Earth" in which a more mathematical, 
and modern looking, description is given including 

FIG. 7. R e p r o d u c t i o n o f Fig. 9 f r o m B j e r k n e s ( 1 8 9 8 ) , w h i c h s h o w s h o r i z o n t a l isobars across a c o a s t l i n e 
w i t h less d e n s e a i r o v e r t h e l and p r e s u m a b l y d u e t o so la r h e a t i n g o f t h e g r o u n d . T h e c i r c u l a t i o n t h a t is 
t h u s p r o d u c e d by t h e b a r o c l i n i c g e n e r a t i o n is t h e sea b r e e z e . 

FIG. 8 . R e p r o d u c t i o n o f Fig. 10 f r o m B j e r k n e s ( 1 8 9 8 ) , w h i c h s h o w s t h e d ispos i t ion o f isobars a n d isosteres 
in a n e x t r a t r o p i c a l c y c l o n e , w i t h l o w e r p r e s s u r e a t t h e c e n t r a l ax is w i t h w a r m e r , less d e n s e a i r t h e r e 
also. T h e c i r c u l a t i o n assoc ia ted w i t h t h e so leno ids p r o d u c e s a d i r e c t c i r c u l a t i o n w i t h w a r m a i r r is ing a t 
t h e c y c l o n e axis. 
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definition and analysis of the 
absolute and relative circula-
tion contributions. The pa-
per was poorly proofread 
with missing labels for sec-
tions 3 and 5. Bjerknes notes 
that he gave lectures on the 
subject to the Stockholm 
Hochschule in Lent during 
the 1901 term and had en-
listed the help of a student, 
Johan W. Sandstrom, to 
pursue the practical conse-
quences of the new theorem. 

A paper by Sandstrom 
was also published in Me-
teorologische Zeitschrift 
(Sandstrom 1902) titled "On the Relation Between 
Temperature and (Air) Motion in the Atmosphere 
under Stationary Conditions." Ekholm had recom-
mended Sandstrom to Bjerknes, and for the storm of 
21-24 September 1898, which was observed by kite 
measurements from the Blue Hill Observatory near 
Harvard University, Sandstrom constructed the iso-
baric and isosteric surfaces. The steady-state assump-
tion was made and Sandstrom showed (in an earlier 
1900 paper) a cross section through the cyclone; see 
Fig. 11 [which reproduces Fig. 37 from Kutzbach 
(1979), taken from Sandstrom (1900)]. For the con-
tour interval chosen each parallelogram contrib-
uted 105 (cm2s~2) solenoids. To the left of the cyclone 
central axis there are about 9 x 106 solenoids while to 
the right there are about 12 x 106 solenoids, consis-
tent with rising motion along the cyclone axis. 
Kutzbach notes that Sandstrom was a former 
millhand who came to Stockholm on a stipend from 
his factory. Bjerknes later said that "I would not 
have concerned myself any further with the alien sci-
ences of meteorology and oceanography had not. . . 
my student Sandstrom been prepared to undertake 
related practical work in this direction " (Kutzbach 
1979). 

Fridtjor Nansen, the renowned Arctic explorer 
and statesman, read Bjerknes' 1898 paper and wrote 
to him to ask if the circulation theorem could be ap-
plied to the "dead water" phenomenon (Friedman 
1989). This had caused problems to Nansen during 
his voyages on board the Fram in the Arctic. Bjerknes 
asked another of the students attending his lectures, 
V. Walfrid Ekman, to look into the problem. In the 
following year Nansen asked Bjerknes about why his 
ship and floating ice drifted at a significant angle to 
the wind. Apparently Ekman was also given this prob-

FIG. 9 . R e p r o d u c t i o n o f Fig. 14 f r o m B j e r k n e s ( 1 8 9 8 ) . I t s h o w s u p w e l l i n g a n d 
d o w n w e l l i n g in t h e o c e a n c a u s e d by t h e c i r c u l a t i o n assoc ia ted w i t h layers o f 
s h a r p d e n s i t y g r a d i e n t s . 

lem, as an application of the circulation theorem, and 
over the course of one evening derived what is now 
called the Ekman spiral (Friedman 1989). 

S P E C I A L C I R C U I T S . In the papers Bjerknes pub-
lished, there appears to be relatively little attention 
given to the choice of the line (curve) along which the 
rate of change of circulation is calculated. In nearly 
all cases this line is implicitly taken to be in the verti-
cal plane. Clearly such circuits will be deformed in 
time as air parcels that make up the circuit move rela-
tive to one another. However one can consider spe-
cial circuits around which the circulation is conserved. 
An obvious (but uninteresting) one is if the circuit lies 

FIG. 10. R e p r o d u c t i o n o f Fig. 3 f r o m B j e r k n e s ( 1 9 0 0 ) . I t 
d e m o n s t r a t e s t h e e l e m e n t a r y p a r a l l e l o g r a m ( s o l e n o i d ) 
b e t w e e n i n t e r s e c t i n g isobars a n d iso teres . S u c h a sole-
n o i d l eads t o a c o n t r i b u t i o n t o t h e r a t e o f c h a n g e o f 
c i r c u l a t i o n o f Ak Ap, w h i c h f o r t h e u n i t c o n t o u r i n t e r -
va l is e q u a l t o un i ty . 
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on an isobaric surface, in which case the line integral 
in (5) is instantaneously identically zero. 

An interesting choice involves a material circuit 
that lies on an isentropic surface in the case that the 
potential temperature, 0\ is conserved. Clearly in this 
case the circuit will lie on that isentropic surface for 
all time. One can rewrite (5) in the following way, 
using the perfect gas law and the definition of poten-
tial temperature: 

DC 

Dt 
= ~ j ) 6 d n , 

T H E R E L A T I O N S H I P T O T H E V O R T I C I T Y 

E Q U A T I O N . We have already noted that Schiitz 
and Silberstein deduced the related result in the con-
text of the vorticity evolution equation, first explored 
by Helmholtz. Here we make that connection explicit. 
The full vorticity equation for a frictionless flow can 
be written as 

_D 

Dt 
C = ( C - v ) u 

(9) 
(8) - £ ( V - u ) + / c B x G > 

where ;ris the Exner function [k = cp(p/po)R,cr, with 
gas constant R, specific heat of air at constant pres-
sure cp, and p0 = 1000 mb]. 

Clearly circulation is conserved for a circuit that 
has the property of uniformity in 9. This realization 
adds a new dimension to the circulation theorem and 
paves the way for the link to the concept of potential 
vorticity. Rossby (1940) showed that the absolute cir-
culation per unit mass is a constant for adiabatic fric-
tionless flow and thereby defined a quantity he called 
the potential vorticity. 

and the vorticity can be changed by (first term) 
stretching, tilting, or twisting of existing vorticity; by 
(second term) fluid expansion or contraction; and by 
(third term) the baroclinic term. We can see that the 
baroclinicity vector also appears on the right-hand 
side of the Bjerknes circulation theorem, (7). The sec-
ond term in the vorticity equation (9) contributes to 
changing the absolute circulation [it is the relative 
circulation that is given in (7)] while the first term in 
(9) can only redistribute vorticity. Hence the circu-
lation approach, traceable back to Kelvin, and the 
vorticity approach, traceable back to Helmholtz, are 

entirely consistent with one 
another. 

FIG. I I . R e p r o d u c t i o n o f a f i g u r e in S a n d s t r o m ( 1 9 0 0 ) , a n d s h o w n in K u t z b a c h 
( 1 9 7 9 ) as F ig . 3 7 . I t s h o w s a v e r t i c a l c ross s e c t i o n o f i s o b a r s a n d i s o s t e r e s f o r 
a s t o r m o v e r t h e B l u e H i l l O b s e r v a t o r y , M i l t o n , M A , o n 21 - 2 4 S e p 1 8 9 8 . I s o b a r s 
a r e g i v e n w i t h c o n t o u r i n t e r v a l s o f I 0 4 g c m 1 s~2 a n d i s o t e r e s w i t h c o n t o u r 
i n t e r v a l s o f 10 c m 3 g In t h i s d i a g r a m , e a c h p a r a l l e l o g r a m c o n t r i b u t e s 10s so-
l e n o i d s t o t h e r a t e o f c h a n g e o f c i r c u l a t i o n . T h e v e r t i c a l a x i s , a d d e d b y 
K u t z b a c h , i n d i c a t e s t h e c e n t r a l ax is o f t h e c y c l o n e . 

D I S C U S S I O N . It has been 
shown how the Bjerknes' 
circulation theorem ex-
tended the earlier Kelvin cir-
culation theorem. In parallel 
Schiitz and Silberstein ex-
tended the earlier Helmholtz 
derivation of the vorticity 
evolution equation for non-
homogeneous fluids. Schiitz 
did not provide any physical 
interpretation of the new 
vorticity equations whereas 
Silberstein provided such an 
insight. The explicit link to 
geophysical fluids was not 
made until Bjerknes' work. 
The circulation and vorticity 
approaches are consistent 
with one another and lead 
naturally onto the conserva-
tion of potential vorticity for 
"ideal" fluids. The meteoro-
logical insight given by the 
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Bjerknes' theorem is considerable although it is not 
now common practice to routinely diagnose the cir-
culation or its rate of change. 

A key feature of the Bjerknes theorem is that it sig-
naled the move of Vilhelm Bjerknes into meteorol-
ogy. He was an ambitious scientist and the Bergen 
School, which he established 20 years after the publi-
cation of his theorem, introduced many concepts 
about extratropical cyclones and weather forecasting 
that have had lasting value. Even as early as 1904 
Vilhelm Bjerknes set the agenda for the subsequent 
development of numerical weather forecasting in his 
seminal paper, Bjerknes (1904). One might argue that 
no dynamical concept as profound as the circulation 
theorem emerged during the heyday of the Bergen 
School but that would be to lose sight of the school's 
tremendous conceptual impact. Vilhelm Bjerknes 
certainly had a profound interest and understanding 
of the development process of various subdisciplines 
of physics such as mechanics, thermodynamics, hy-
drodynamics, and meteorology. He placed the theo-
retical and applied contributions by himself and his 
various research groups into this perspective [cf. his 
personal reflections in Bjerknes (1938)]. 

While circulation and its tendency are not com-
monly calculated for weather systems, the legacy of 
that approach perhaps needs to be heeded more of-
ten than is currently the case. We know that point 
estimations of vorticity and potential vorticity suffer 
from having an ultraviolet spectrum—the smaller 
scale the observations are, the more structure is seen. 
Area integrals are meaningful however and the mes-
sage from Bjerknes' circulation theorem is that 
whether it is called circulation or area-averaged vor-
ticity, it is the quantity that forms a critical building 
block of dynamical thinking. 
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