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ABSTRACT

A unified approach to the thermodynamics of cloudy air, cloud-clear air mixing processes, atmospheric
thermodynamic equilibrium structure and instability is formulated, using a new concept: the Saturation
Point. This permits the representation of mixing processes and virtual potential temperature isopleths for
clear and cloudy air on a thermodynamic diagram (a tephigram is used here), and their comparison with
the atmospheric stratification. Illustrative examples will be given for evaporative mixing instability and
convective equilibrium structure for stratocumulus, cumulus and cumulonimbus convection and convection

in the incipient severe storm atmosphere.

.1. Introduction

This paper introduces a new unified approach to
the thermodynamics of cloudy air (but not the for-
mation of precipitation) and the relationship of the
vertical structure of the convective atmosphere to
cloud mixing processes and convective overturning.
Illustrative examples will be taken from stratocu-
mulus, cumulus, cumulonimbus and convection in
the incipient severe storm atmosphere. Some of the
concepts are new; others are a consolidation of pre-
vious research by many authors. A key new concept,
the Saturation Point (SP; see Section 2) and a cor-
responding Saturation Level (SL) will be introduced
to represent the properties of clear and cloudy air
(but not precipitation particles). For unsaturated air,
the SL is the familiar lifting condensation level
{LCL). In general, however, we may use the Satu-
ration Point concept to understand mixing processes
between cloud and environment, and to interrelate
updraft and downdraft structure, atmospheric strat-
ification and stability. Extensive use will be made of
the tephigram to illustrate these concepts. Other
thermodynamic diagrams could easily be substituted.
The use of the SP also permits the representation of
virtual potential temperature for both clear and
cloudy air on a tephigram which facilitates the visual
understanding of cloud parcel buoyancy as well as
atmospheric instability and equilibrium structure.
These are significant advances in the use of the ther-
modynamic diagram.

This paper draws on many strands of research.
Rossby (1932) introduced the equivalent potential
temperature and discussed characteristic curves and
mixing processes for air mass thermodynamic prop-
erties on an equivalent potential temperature dia-
gram. The Saturation Point analysis of this paper
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can be regarded as a generalization of his work to
include cloudy air. Betts (1973) discussed the mod-
eling of the mixed layer and non-precipitating cu-
mulus convection and introduced the liquid water
potential temperature (6.), a conserved parameter
for reversible moist processes, in addition to total
water (g,) and the equivalent potential temperature
(0z). Betts (1978) summarized and extended these
ideas using tephigram plots of convective parcel
paths for conserved parameters. The Saturation
Point concept carries this synthesis a stage further
by representing conserved parcel properties by a sin- -
gle point on a thermodynamic diagram. This reduces
cloud-environment mixing processes, for example,
to mixing between two points. The papers on the
modéling and stability of stratocumulus layers (Lilly,
1968; Schubert, 1976; Deardorff, 1976, 1980; and
Randall, 1980) have influenced this approach. Dear-
dorff (1980) in particular presented a diagrammatic
representation of cloud-top entrainment instability
for stratocumulus, using the conserved parameters
and total water. Here, we shall reformulate this prob-
lem using the Saturation Point and a tephigram to
draw parallels with the severe storm atmosphere and
cumulus convection.

This paper was particularly influenced by Paluch
(1979) who presented diagrams for cloud-top mixing
into cumulus over land, and the formation of down-
drafts. Here, we shall show that, using the Saturation
Point, the tephigram (or other thermodynamic dia-
grams) can be used to represent this process in a
highly compact manner and indeed to compare the
properties (including buoyancy) of all mixtures of
cloud and environment at any level. Telford (1975)
has also discussed the thermodynamics of mixing
processes between cloud and environment.

The formation of downdrafts, particularly in se-
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vere storms (e.g., Fujita and Caracena, 1977) is of
considerable interest. Betts and Silva Dias (1979)
presented a model for an unsaturated downdraft us-
ing an evaporation pressure scale, and noted the sig-
nificance of the LCL for downdraft outflow air. Here
we shall address unsaturated downdrafts driven by
evaporation only briefly, although another process
is considered: how downdrafts can be initiated in the
incipient severe storm atmosphere by cloud-clear air
mixing processes.

The equilibrium structure of the convective at-
mosphere will also be addressed. This has been in-
fluenced by the work of Ludlam (1966, 1980) as well
as Betts (1973), Albrecht ez al. (1979) and Arakawa
and Schubert (1974).

The aim of this paper is to demonstrate the use-
fulness of the Saturation Point concept in under-
standing convective processes and convective over-
turning. Linear approximations will be used in many
places for illustration,. although these are not satis-
factory for numerical computation.

2. Saturation point formulation of moist thermody-
namics

a. Conservative variables with cloud water

In this paper, we distinguish between cloud water
and precipitation water with a fall-speed significant
compared with vertical air motions. Cloud water is
treated as a parcel property. The difference between
the pseudoadiabat and the reversible adiabat will be
neglected (we shall simply refer to the moist adi-
abat), as will freezing processes. To this approxi-
mation, the variables g, 6z, 0, are conserved in
adiabatic motions in non-precipitating cloud systems
and are defined by integrating the three approximate
equations (Betts, 1973)

0=dgr=dqs+di, (1a)
daES_ ﬁ qu

0=C, s Gyt Lo (1b)
do, do_  dl

O_C”aL Gy~ LT (1c)

The chief approximation is the use of dry air values
for the specific heat and the gas constant (in the
definition of #). Clearly only two of these equations
are independent. Integration gives

T=qS+la

qs
1n(%) = f Ldgs/C,T,
0

!
ln(&) = - f Ldl/C,T.
] o .

The integrals are both evaluated along the

(2a)

(2b)

(2¢)

moist
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FIG. 1. Sketch thermodynamic diagram (tephigram), showing
the relationship of Saturation Point SP (T's;, ps.) to the conserved
parcel properties (0s;, 9zs1, ¢s.) which are independent of parcel
pressure, and to the parcel properties at other pressure levels, such
as (T, Tw, Tp) at p,, for unsaturated air (for which ? < 0). The
arrows on the moist adiabat denote the paths of integration of
(2b) and (2c) in the definition of 8¢5, 6, respectively.

adiabat through a cloudy parcel (6, g5, p), but in
opposite directions since 8y is that value of § where
gs = 0, and 0, that value of ¢ where I = O (see Fig.
1). Just as 6 is the highest value of # attainable by
condensing all the vapor gs, so 6, is the lowest 6
attainable by evaporating all the parcel cloud water.
(An appropriate nomenclature would be condensa-
tion potential temperature for §; and evaporation
potential temperature for 6;, but the corresponding
subscript change would be very confusing, so we shall
retain the conventional names: equivalent potential
temperature for 6z and liquid water potential tem-
perature for 6,).

Because the latent heat L and parcel temperature
T vary along the moist adiabat, the integrals in (2)
must be evaluated numerically or using empirical
functions (Simpson, 1978; Bolton, 1980 for 8z) or
approximated. For most observational purposes, it
is sufficiently accurate (error ~0.2 K at warm tem-
peratures) to approximate the integrals as (see Bol-
ton, 1980, for 0;)

In(Bes/0) = 2.67q5/ T, (3a)
In(8,/6) = —2.371/T, (3b)

where (3b) is accurate for saturation pressure dif-
ferences (see next section) <300 mb. These formulas
are useful because they contain only parcel param-
eters at one pressure level. The coefficients differ
because the integrations are in opposite directions
along the moist adiabat (Fig. 1). For unsaturated air
0 is given by

In(0z/0) = 2.679/Ts; , (3¢c)
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where Ts; is the temperature at the LCL or satu-
ration level, which can be readily computed from
parcel parameters. 8, for unsaturated air reduces to
6, and ¢ to vapor mixing ratio gq.

The conventional approximations of (2b), (2¢) for
655, GL are

Oes/0 ~ exp(Lgs/C,T),
0,/ ~ exp(—Ll/C,T) =~ 1 — (LI/C,T).

(4a)
(4b)

Because gs > [, typically, (4a) is a somewhat worse
approximation than (4b), and the corresponding
first-order expansion of (4a) is even worse and rarely
used. [Inverting (4a) and expanding

0/6es ~ exp(—Lqs/C,T) =~ 1 — (Lqs/C,T) (4a)

gives a somewhat better approximation, but (3a) is
more accurate.]

Consider the reversible adiabatic ascent of an air
parcel from p, through its LCL to p, (Fig. 1). On
this thermodynamic diagram, the familiar paths of
temperature (7), wet-bulb temperature (7y) and
dewpoint (T)) (corresponding to constant 6, 6, q)
converge to a point at the lifting condensation level
(LCL) which is here called the saturation level (SL).
-As the parcel passes its SL and becomes cloudy the
three paths diverge, and now correspond to constant
0., Oxs, qr (Betts, 1973, 1978). The paths of 6;, qr
depend on cloud water content [see (2a), (2c)] as
well as (7, p), while 6 is a function of parcel (7,

p) only.

b. The saturation point

The three lines in Fig. 1 representing the conser-
vation of three variables [(8, 8z, g) for unsaturated
air and (6, 0zs, g7) for cloudy air] intersect at a
point, where the temperature and pressure (T's;, ps.)
completely specify the three conserved parameters,
which we shall represent by 8, 0z, and gs;. We
shall call this point the Saturation Point (SP) and
the pressure level at which it occurs the Saturation
Level (SL). Viewed from below (the unsaturated
side) this level has long been called the Lifting Con-
densation Level (LCL); viewed from above it has
been called the Sinking Evaporation Level (SEL) by
Betts (1978). The more general terminology is of
value, since (Ts;, psy) and the three derived con-
served parameters do not change with the reference
level of an observation. In this frame of reference,
the thermodynamic state of an air parcel is specified
by the Saturation Point properties (Tsz, psr) and its
pressure difference from the Saturation Level, i.e.,

(5)

On a thermodynamic diagram, air parcels that have
a given (7T, p) may have SL’s at any level, pg,, de-
pending on their total moisture content. Parcels with

P = ps. — p-
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total moisture content g > gs(T, p) will be saturated
and cloudy with 2 > 0, while if parcel g < g«(7, p),
it will be unsaturated with 2 < 0 [this sign conven-
tion is the reverse of Betts and Silva Dias (1979)].
Positive 2 is directly related to liquid water content
[Eq. (A5)]; negative P to subsaturation. Only if /
= 0, and the parcel is just saturated, does p = pg,,
P =0. <

We shall call P the parcel saturation pressure dif-
ference and p the parcel level or data pressure level
to distinguish it from the Saturation Level, ps;. The
procedure we shall use is to analyze parcel processes,
including cloud-environment mixing and diabatic
processes in terms of their Saturation Point. This is
a shift to a (Ts,, psz, p) coordinate system for the
three independent parcel variables, from (7, p, q)
or-(;, 6z, p). If parcel p # ps;, the non-conservative
parcel properties such as T, gs, I, Ty, etc., can be
recovered as in Fig. 1 by drawing the dry and moist
adiabats and line of constant ¢ through the SP to
parcel pressure p. :

The general thermodynamic relationships between
dry adiabat, moist adiabat, and the saturation mixing
ratio lines are given in the Appendix, together with
a more general notation for the symbols in Fig. 1.

c. Saturation Point structure of a sounding

A conventional sounding can be plotted on a ther-
modynamic diagram in terms of the SP of the at-
mosphere rather than (7, Tp, p). Radiosondes do not
measure liquid water, so if they pass through cloud,
the true SP is not measured, but in unsaturated air,
it is straightforward to find the LCL, and plot (T,
psc) labeled with the pressure p of the data level.
Fig. 2 shows a conventional sounding together with
this alternative representation. Following Rossby
(1932) we may regard the SP profile as a charac-
teristic curve for the atmospheric thermodynamic
structure. Well-mixed layers such as the subcloud
layer would have a single SP, but in general the ther-
modynamic structure of a convective layer shows a
profile of SP. The dashed line on Fig. 2 is an illus-
trative mixing line (see Section 2¢) between the SP’s
of air from 864 and 603 mb: it is drawn for com-
parison with later examples.

d. Irreversible diabatic processes and the Satura-
tion Point

The significance of the SP for an air parcel is that
it does not change during reversible adiabatic ascent
or descent: that is, following a parcel

Dpg; _ Db, _ Dlgg, _ Dgg, _
Dt Dt Dt Dt

In this sense the SP can be regarded as a thermo-
dynamic tracer for an air parcel. All that changes

0. (6)
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as parcel pressure changes is the saturation pressure
difference, P, and the non-conserved parameters,
such as (7, Ty, Tp) or (T, T, Tpy). Certain irre-
versible diabatic process will, however, change the
SP and we summarize them here in Fig. 3.

Fallout of precipitation moves the SP up the moist

adiabat. The air parcel 6zs; does not change, but
s, gs. do, as I decreases. For the special case of an
air parcel at constant pressure, the parcel (7, p) re-
mains constant as T;, Tpr both approach 7, while
maintaining the relationship (as / and 7 — 0)

CAT - T,) = LI (A12)

This is exactly analogous to the evaporation of falling
precipitation into unsaturated air which moves the
SP down the moist adiabat: again the parcel 0gg,
does not change, while 8g;, g5, do. If the parcel is
at constant pressure, the T, T, both approach the
wet-bulb temperature Ty which remains constant,
and |P| decreases toward zero. The relationship
(A12) is maintained, as T, T, change towards Ty

CAT — Tw) = L(gw — q) (A12)

If the parcel pressure changes during the evapo-
ration process, the behavior of the SP rerhains the
same, although the parcel saturation pressure dif-
ference P changes, and with it 7, Ty, Tp, although
(A12) is still satisfied. Betts and Silva Dias (1979)
discussed this process in detail.

Fi1G. 2. 1800 Z sounding on 19 July 1977 at Pittsburgh showing
conventional plot of T(p), To(p) as solid lines, and Saturation
Points (Ts., psi) as open circles, labeled with data pressure level
p. The dashed line is an illustrative mixing line between the SP’s
of 603 mb air and 864 mb air.
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FI1G. 3. Schematic showing change in saturation point produced
by the irreversible diabatic processes of precipitation fallout or
evaporation; radiative cooling or heating; and the tendency caused
by ocean surface evaporation.

Radiative processes change the temperature, but
not the mixing ratio, so that fgs;, 05, change, while
gs. remains constant (see Fig. 3). In the free at-
mosphere there are no processes which change gy,
while conserving 6, although at the ocean surface
this is the trend produced by the evaporation of wa-
ter, using the stored sensible heat of the ocean. How-
ever, in this case the SP (here the LCL of cloud base)
stays constant because the vertical advection of water
vapor through cloud base balances the surface flux.

Although Fig. 3 is not drawn to scale, the ther-
modynamic balance of the entire tropical atmosphere
can be regarded as a result of the approximate bal-
ance of the three processes: ocean surface evapora-
tion, radiative cooling and precipitation fallout.

e. Mixing diagrams and the saturation point

The parcel conserved parameters (0s;, Ozsz, gsr)
are conserved in adiabatic motion and approximately
in isobaric mixing processes (Betts, 1973; Deardorff,
1976, 1980). Since the SP characterizes parcel con-
served properties, we need only consider their SP’s
in mixing two parcels. This is a great simplification.
For example, if we mix equal masses of air parcel
With diﬁerent SP,S (TSLl’ PSLI), (TSLZ, pSL2)’ the SP
of the mixture at (Ts.s, psia) has properties given
by the simple average of their conserved parameters
(to slight approximation)

Osim = (osu + 0SL2)/2
Opsir = (Opspy + Ogs12)/2
qsim = (gsn + qse2)/2

Fig. 4 shows a specific example of mixing between
two parcels with saturation points (7Ts;, psr) of
(20°C, 900 mb) and (5°C, 700 mb). The SP’s of all
mixtures (not just the mixture of equal masses) lie
on the dashed mixing line, which can easily be con-
structed on a thermodynamic diagram by computing

(7
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Fi1G. 4. Tephigram showing mixing between parcels with SP’s
at C and E (circled). All mixtures have SP’s on the dashed mixing
line. The 1:1 mixture has SP (7’s, ps,) at (13.5°C, 804 mb) shown.

- This gives its conserved parameters: Its parcel properties at other
pressure levels are given by the construction shown.

Bsr, gs: for different mixtures and finding their as-
sociated SP. Table 1 shows the computation for sev-
eral mixtures.

The distinction between the saturation level of a
parcel ps; and the data pressure level p, where a
parcel may find itself in the atmosphere, is of crucial
importance. The tephigram is being used to represent
both. For example, suppose we consider a mixing
process at 800 mb between cloudy air which has risen
adiabatically from cloud base at 900 mb where it
had the SP at C shown. Its SP has stayed at C, while
P = ps; — p has become positive and its liquid water
has increased (A5’). This cloudy air mixes isobari-
cally at 800 mb with air that has an SP at E (un-
saturated environmental air, for example, which
could have originated at 800 mb or descended adi-
abatically from any other level). All the mixtures
of C and E have SP’s on the dashed line. The mix-
tures that are unsaturated have a saturation level pg,
< 800 mb, corresponding to ? < 0, while the mix-
tures that are cloudy are those which have pg, > 800
mb. The 1:1 mixture in Table 1, for example, with
SL at 804 mb, is only just cloudy at 800 mb; if it
sinks to pressures above 804 mb, it becomes unsat-
urated. Its (T, Ty, Tp) or (T, T, Tpr) at any other
pressure level are found by drawing dry and moist
adiabats and constant gg lines through its SP as
shown (the same construction as in Fig. 1).

The dashed line, representing the SL’s and SP’s

TABLE 1. Mixing of two parcels C and E in various mass ratios.

Parcel Py To st Qse Ocse
C 900 20.0 302.1 16.6 v 3513
E 700 5.0 308.0 7.9 332.0
Mixture
1:3 754 9.6 306.5 10.0 336.9
1:1 804 13.5 305.1 12.2 341.7
3:1 853 17.0 303.6 14.4 346.5
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F1G. 5. Schematic mixing diagram for two parcels, one cloudy,
one unsaturated (environmental), showing mixing line (heavy
dashes) with a gradient between dry and moist adiabats. The con-
struction of the temperature at a pressure level p is shown for
mixtures with SP’s on the mixing line. The mixture with SL, pg,
= p, is just saturated with / = 0. Its temperature T, (p) is the
coldest of all cloud-environment mixtures at that pressure level p.

of all mixtures (of C and E) is unchanged, whatever
the pressure level of mixing; although for every mix-
ture P changes as p changes.

It is clear that it is easy to find with this diagram
the temperature, humidity, liquid water content, etc.,
of any mixture at any pressure level. Thus, compar-
isons of cloud-environment mixtures with sounding
properties can be made (Sections 3b, 4c¢).

The mixing line on a tephigram is slightly curved
because of the unequal spacing of the g5 and 0z lines
(e.g., see Fig. 2). Table 1 shows, for example, that
for the 1:1 mixture psia > Y[ps(C) + ps(E)] by
~4 mb. Nonetheless, for qualitative purposes and
for mixing lines between SP’s which are not too far
apart (in pg; or fgs;), the SL of mixtures can be
approximately found by simple averaging of values
of ps; or P.

f. Slope of the mixing line

This analysis of the mixing of two parcels in terms
of the mixing line between their SP’s is particularly
useful for convective systems where there are essen-
tially two different ““source regions” of air with dis-
tinct properties. Among the examples to be explored
later (Sections 5, 6) are stratocumulus and the trade
cumulus layer where warm dry air is subsiding into
a well-mixed layer, and severe storms where the sur-
face well-mixed layer is overlain by a nearly dry
adiabatic layer of higher 8 which had its source else-
where in a mixed layer usually over drier elevated
terrain. An important parameter for stability ques-
tions is the slope of the mixing line in relation to the
dry and moist adiabats, and the slope of the 8, iso-
pleths (see Section 4).

To the linear approximation the mixing line gra-
dient is a function only of the SP’s of the two source
regions. Fig. 5 defines this gradient T'y, = 360/dp for
the mixing line in relation to the slope of the moist
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adiabat I'y, = (80/9p),,.

2, (20

I, =—=|—*—I|r,,
M AP A0L+A0W) v

(8)

where, as shown,
AP = P, — P,
Af, = 05,(C) — 05, (E),
Aby = 0w (E) — 0y(C).

(See Table 4 for notation.) An essentially identical
relationship exists for the mixing line gradient in
0zs coordinates in terms of (80zs/dp).

Fig. 5 shows a mixing process typical of shallow
cumulus, where T, lies between wet and dry adi-
abats. For stratocumulus cloud-top mixing, |Afy/]
< |A#,], and T'y, approaches T'y, (see Section 5a) Pal-
uch (personal communication, 1980) has mathe-
matically derived the mixing line gradient. Fig. 5 is
a simple graphical representation.

3. Mixing in cumulus clouds

The mixing line analysis (Fig. 5) can be used to
formulate many cumulus mixing processes. Two
schematic examples are presented.

a. Minimum temperature from cloud-clear air
evaporative mixing

Fig. 5 elegantly solves the well-known problem of
the equilibrium témperature of cloud-environment
mixtures. For the mixture with SP where the mixing
line crosses any pressure level p, p = ps, and Py,
= 0. This is by definition the mixture that is just
saturated with no liquid water at the pressure level
p, with temperature Ty (p). The temperature of
mixtures that have SL’s away from p are found by
drawing dry adiabats (for unsaturated mixtures P,,
< 0) or moist adiabats (for cloudy mixtures P,,
> 0) from the mixing line back to p, as shown in Fig.
5. It is obvious that provided the mixing line lies
between dry and moist adiabats, then the just sat-
urated mixture has the minimum temperature Tg,(p).
The 6 depression of Tg,(p) below that of the envi-
ronment is given by

where o is the fraction of environment in this just
saturated mixture. The water budget for this mix-
ture, the use of the Clausius-Clapyron relationship
and a little algebra gives the familiar formula for the
ratio of environment to cloud which just evaporates
all the cloud water (e.g., Ludlam, 1980, p. 55)

g

T2, = e/ as — e

(10)
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Fi1G. 6. Construction of thermal equilibrium level of mixtures
given the mixing line and an environmental sounding. G is the
lowest equilibrium level of a mixture that is negatively buoyant
at E (ignoring the virtual temperature correction).

where v = L?q5|C,R,T? [see (A18)], I is the cloud
water content, and (gs — q)g the saturation deficit -
of the environment.

b. Cumulus mixing and downdraft equilibrium
level

A comparison of the mixing line (Fig. 5) with the
environmental stratification is clearly of great sig-
nificance. Certain mixtures will be colder than the
environment and will tend to form downdrafts; others
will be warmer and might be expected to characterize
updrafts. The problem is first treated here in an
idealized manner with linearized lapse-rates and
without the virtual temperature correction (see Sec-
tion 4).

Fig. 6 shows a schematic tephigram with dry and
moist adiabats, an environmental stratification T,
and a mixing line between cloudy air which has risen
undiluted from cloud-base at A and environmental
air at the mixing level, which is unsaturated, with
SP at D. DE, CF, BG are dry adiabats, and EB is
a moist adiabat. All the cloud-environment mixtures
have SP’s on AD, which may be categorized as fol-
lows:

Mixtures with SP’s:

1) Between D and C are unsaturated, cooler than
the environmental 8(E) and may sink to equilibrium
between E and F (ignoring the virtual temperature
correction).

2) At C, is just saturated, has a minimum tem-
perature and an equilibrium level F.

3) Between C and B are saturated and cloudy,
cooler than the environment #(E) and may sink, first
moist adiabatically to their SP, and then along a dry
adiabat to thermal equilibrium between F and G.

4) At B, this parcel has the same potential tem-
perature as the environment at E, and the same 6g.

5) Between B and A, are cloudy and warmer than
the environment and are likely to ascend a moist
adiabat.

Thus, from buoyancy considerations alone (ignor-
ing until Section 4 the 8, correction) one might expect
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mixture properties on DC to be characteristic of un-
saturated downdrafts, on CB of cloudy downdraft<.,
and on BA of cloudy updrafts.

Fig. 6 shows that the lowest level that negatively
buoyant downdrafts produced by mixing can reach
thermal equilibrium is G, considerably above cloud
base (see Fraser, 1968; Betts, 1973). This level is of
theoretical significance.

¢. Lowest downdraft equilibrium level

A formula for G in Fig. 6 (which may be thought
of as the lowest downdraft equilibrium level) can be
derived geometrically using the linearized lapse-

rates. Let
AG AB ?A - ?B

"AE AD P,-P)’
The letter subscripts denote values of the saturation
pressure difference for that point, simply the pressure
difference from the mixing level at E. o is both the
ratio AG/AE and the (approximate) fraction of en-
vironmental air contributing to the critical mixture
B (see Section 3a). P4, P, P, can be eliminated
from (11) using the identities

6(4) — 0(E) = TP, = Ty(Ps — Pp),
0(B) — 6(E) = T'yPp = T'y(Pp — Pp),
where 8(A) denotes # at the point A on the tephigram,

to give
_TuTw—=T) _p(l—u)
P(FW_ FM) B S 77

, (12)

where u = T'/T, n = T/Ty. ¢ = 1 corresponds with
no descent, while ¢ = 0 corresponds to descent to
cloud-base:

1) Foruz=
Fig. 6; _

2)Asu—1(Ty—D),oc—1;

)Asyp—=1(T—-Tyandu<1,o— 0

4) As u — 0 (T, towards the dry adiabat), ¢ — 0.

Both 3) and 4) are cases favoring descent to cloud-
base. Case 3) corresponds qualitatively to the stra-
tocumulus layer where negatively buoyant cloudy
downdrafts are possible from mixing processes (Lilly,
1968; Deardorff, 1980; Randall, 1980). This case is
discussed more fully in Section 5. Case 4) has a rough
correspondence with the severe storm atmosphere
where both T, T approach the dry adiabat and ne-
gatively buoyant unsaturated downdrafts are readily
formed by mixing processes. However, the real case
is more complex than Fig. 6 (see Sections 5, 6). In
addition, in both types of mixing instability the vir-
tual temperature correction 1s important (see next
section).

Typically, cumulus convection is an intermediate

1, no descent is possible, as is clear from
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case, with I'y, and T midway between dry and moist
adiabats in the lower cumulus layer. Typically, air
can sink part-way back towards cloud-base (Betts,
1973; Fraser, 1968).

In general, Fig. 6, though oversimplified, suggests
the instability criterion for negatively buoyant down-
drafts from mixing is: u < 1, or [T, < |T'|. We shall
see in Section 6 that some convective atmospheres .

‘attempt to establish an equilibrium structure in

which Ty, ~ T..

4. Virtual potential temperature

The virtual temperature correction is important
for instability and buoyancy equilibrium analyses.
Deardorff (1980) has shown how isopleths of virtual
potential temperature ,, given by

8,, = 6(1 + 0.619),
8,. =8(1 + 0.61gs —

(13a) .
D, (13b)

for unsaturated and cloudy air, respectively, can be
drawn on (8;, gr) buoyancy mixing diagrams: (fs;,
gsc) in our notation. The advantage of these dia-
grams is that mixing lines are exactly straight. The
disadvantage is that they must be drawn for each
pressure level., Conversely, the tephigram analysis
used here shows all pressure levels and (conceptually)
all mixtures simultaneously, although the mixing
lines are curved, and 6, isopleths are not convention-
ally plotted.

a. Tephigram plot of 6,

6, overlays can however be drawn for a tephigram
for any parcel pressure level p [and a stability anal-
ysis identical to that of Deardorff (1980)]. The value
of 8, is read at the SP ( Ty, psr) not (7, p). We shall
find that qualitatively a single overlay depicts the
shape of the 8, isopleths for a range of parcel pressure
p. The distinction between parcel p and saturation
level ps; is again crucial. We may rewrite (13a),
(13b) to make this clearer.

00 (psr) = 0s.(1 + 0.61gs;) ,
0.(pst, p) = 8(p)[1 + 0.61gs(p) —

where

(13a)

(?P)], (13b)

P=pst—Dp iS here positive.

For unsaturated air, 6,, is a unique function of
(Ts., ps) at the SP, so isopleths of 6, can be drawn
on a thermodynamic diagram, with the convention
that 6, is read at the SP. For cloudy air, 8,..depends
on 6, gs which are defined at p, and / which increases
as P = pg; — p increases. Specifically, this means
that the 6, isopleths appropriate to a given parcel
pressure level p, kink at p (where P = 0), since par-
cels with pg; < p are unsaturated and for them 6(p)
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F1G. 7. Section of tephigram showing isopleths of 8, (heavy dashed, in K) for a parcel
level of 850 mb. The parcels with saturation points at C (cloudy) and E (unsaturated
environment) have the same 6,, although the environment is warmer. The light dashed
lines are saturation mixing ratio.

= Os1, q(p) = gs.. Parcels with ps; > p (P > 0) are
cloudy, and their 8(p), gs(p) lie on the moist adiabat
through the SP.

Fig. 7 shows a section of a low-level tephigram
with 8, isopleths (heavy dashes) overlaid for a parcel
level of 850 mb (i.e. Z = 0 at 850 mb). If we plot
the SP of an air parcel which is at 850 mb, the dashed
lines give its #,. For SL’s below 850 mb (the “un-
saturated region” with respect to the given data level
of 850 mb) 4, increases along the dry adiabat ED
(for example) as the saturation mixing ratio (gs
= g, ) rises. For pressures above p, SP’s on the moist
adiabat BC (the “cloudy region” with respect to 850
mb) have the same 6, gg at point B but increasing
cloud liquid water / with a corresponding increase
of P, decrease of §;. 0,, thus decreases as / increases
on BC (Eq. 13b").

The moist adiabat BC (s = 350 K) intersects
the 6, = 307 K isopleth at C, and the dry adiabat
DE intersects the same isopleth at E. Thus, at the
data level p, cloudy and environmental parcels which
have SP’s at C, E respectively have the same buoy-
ancy, although the environmental parcel is actually
warmer 6(D) > 6(B): the negative contribution to
buoyancy of / does not, in this case, offset the greater
cloud water vapor. Cloudy parcels with SP’s on BC
are positively buoyant with respect to the environ-
ment (SP at E), while those with SP’s lower than C
are negatively buoyant because of their greater /.

If an air parcel moves from 850 mb dry or moist
adiabatically to another pressure level p its SP does
not change, but the 4, isopleths now kink at the new
p level. If the parcel is cloudy, its § (and 4,,) will be

different, but if it is unsaturated, neither ¢ nor 6,,
changes.

In fact, an overlay of simply the dashed lines on
Fig. 7 (with g5 labeled and 8, unlabeled) is of prac-
tical use because it shows the slope of the 8, isopleths
in both cloudy and unsaturated regions (with respect
to a data pressure level p), since the isopleths depend
predominantly on the g field. One aligns the correct
gs isopleths and the kink at ? = 0 with a data p
level. The labeling shown of the 8, isopleths is only
valid with Z = 0 at 850 mb, but the shape of the
isopleths is sufficiently accurate for diagrammatic
uses (see Section 5) over a wide range of data levels
(750-950 mb).

b. Relation of 0, isopleths to dry and moist adiabats

The slope of the 6, isopleths and their deviation
from the dry and moist adiabats is of importance to
stability analyses. It is informative to express these
as fractions of the slope of the moist adiabat

Tw = (30/3p)s,s - (14)

Simple linearized expressions are derived in Section
¢ of the Appendix.

1) UNSATURATED REGION: P < 0
The gradient of the 4,, isopleth can be written

)
pst

Table 2 lists values of the coefficient §8;, which in-

= BiTw. (A25)

Ovu
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TABLE 2. Coefficients in slope of 8, isopieths (at 900mb)
(pressure variation is small}.

qs

(gkg™) 1 5 10 15 20 25
8 0.07 0.12 0.17 0.21 0.24 0.27
82 0.10 0.11 0.11 0.10 0.10 0.09

creases with.the saturation mixing ratio, gs. For
moist atmospheres, characteristic of the tropical
oceans, 8, ~ 0.2, which means that the slope of the
f,, isopleth is a small but not negligible fraction of
the moist adiabat. ‘

2) CLOUDY REGION: P > 0

A similar analysis for the saturated, cloudy region,
shows that the isopleths deviate from the moist adi-
abat by a nearly constant fraction of the slope of

T'w
GHSL)
T (
o Opsy

In this case the coefficient 3, is nearly constant (Ta-
ble 2), because both the slope of the 8, isopleth and
the moist adiabat are related to (dgs/dp)s,

The slope of the 8, isopleth gives the criterion for
cloud-top entrainment instability for a stratocumulus
layer (see Section 5a). This slope is also of signifi-

cance to cloud parcel buoyancy. Although an as-
cending cloud parcel § may follow the moist adiabat

= B,I'w =~ 0.1Ty. (A30)

fuep

F1G. 8. Schematic showing use of 8, construction (short dashes)
to determine parcel buoyancy,.and level of free convection.
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Ty, its buoyancy is effectively following a 6, isopleth
of only 0.9Ty, a considerable reduction in buoyancy
(see Section 6), until cloud water is converted to
precipitation water and falls out. ‘
Using (A19) and (A20), we may write (A30) in
terms of the fzg gradients on the 6, isopleth and the

dry adiabat .
__aam) ~ 0.1(%—5) . (15)
9pst ap /,

Oucp

‘c. Parcel buoyancy, convective available potential

energy (CAPE), and level of free convection
(LFC)

Since the 6, correction markedly affects parcel -
buoyancy, several conventional tephigram definitions
of cloud parcel parameters are affected significantly.

Fig. 8 shows the modified construction of parcel
buoyancy, CAPE (Moncrieff and Miller, 1976), and
LFC. Two extremes are shown. At a level well above
cloud-base, a parcel that has ascended moist adi-
abatically to C', without fallout of cloud water', has
a buoyancy equivalent to a saturated parcel at C on
the 8, isopleth through the cloud-base SP. The un-
saturated environment, with SP at A, has a buoyancy
equivalent to a saturated parcel (with / = 0) at B on
the 8,, isopleth through A. Thus the cloud—environ-
ment buoyancy is proportional to BC, not B'C[é6
oc 80,: see (A23)]. For a nearly saturated tropical
atmosphere, the correction CC’ is large (see Sections
6e, 6f), in comparison to BB’ and CAPE is approx-
imately proportional to the area between the sound-

. ing curve and the 8, isopleth, not the moist adiabat.

As microphysical processes convert cloud water to
precipitation particles which fall out, the 8, of cloud
parcels returns closer to the moist adiabat, as their
SP changes.

Near cloud-base a similar construction affects the
definition of the LFC. The LFC is usually defined
as the level D (Fig. 8) where a moist adiabat through
cloud-base intersects the sounding temperature curve:
so that cloud parcels are buoyant above this level.
In fact, the LFC is not at D but at level F, where
cloud parcel and environment have the same 8,. At
F ‘the 8,, isopleth through the environment SP in-
tersects the 8, isopleth through the cloud-base SP.
Typically, the LFC is near cloudbase and the cor-
rection for liquid water content is small. But for
warmer temperatures (see coefficients in Table 2) or
dry environments, the deviation of the 8,, isopleth
from the dry adiabat produces a significant lowering .
of the LFC over that computed on the basis of 6
alone: see Fig. 8 and Section 6b.

! For a few-hundred mb, above cloud-base, the difference be-
tween the pseudo-adiabat and reversible adiabat temperature
curves is small (see Saunders, 1957) compared with the 8, cor-
rection. :
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5. Idealized examples of evaporative mixing insta-
bility

Using the mixing analysis of Section 2f and the
0, tephigram representation (Section 4), we now dis-
cuss and contrast three widely different convective
regimes:; stratocumulus, cumulus and the severe
storm environment, As mentioned earlier, the Sat-
uration Point and mixing line approach is particu-
larly useful for the mixing of two distinct air masses.

a. Stratocumulus instability on a tephigram

In a stratocumulus layer, warmer drier air is sub-
siding into a cloud-filled mixed layer which is itself
in equilibrium with the underlying dry adiabatic
layer near the surface. The structure of the layer and
the properties of the ascending and descending
branches of the circulation within it are determined
by several processes, including the radiative flux di-
vergence at cloud-top, the surface fluxes, and the
entrainment or mixing of the warm dry air above the
inversion with air that originates in the unsaturated
mixed layer above the surface [see, for example, Lilly
(1968), Deardorff (1976), Betts (1978), Schubert et
al. (1979)]. The evaporative mixing at cloud-top,

though only one of several processes involved, is be-

lieved to be important.

Several authors have discussed the instability of
a stratocumulus layer which results from cloud-top
mixing if the 8z of air above the inversion is low
enough. Lilly (1968) suggested that the condition for
the breakup of a layer by this instability was that
0z should decrease across the capping inversions
(Af; < 0). Randall (1980) and Deardorff (1980)
have extended this analysis to include virtual tem-
perature effects and have shown that the criterion
for instability is more stringent and requires a still
lower 85 above the inversion

Aby < (ABg)ey where (Afg)., =~ —1to -2 K.

They show that it is the virtual temperature correc-
tion due to the liquid water that tends to make stra-
tocumulus more stable to entrainment instability.

The tephigram mixing diagram analysis shows this
same criterion in terms of A8z, AP (between cloud
and clear air). The critical criterion for instability
then becomes very simply a comparison of the slope
Af;/AP and that of the 6,, isopleths in the cloudy
region (as in Deardorff, 1980). This permits easy
comparison with other convective regimes. Fig. 9
shows the construction.

The dry and moist adiabats drawn as heavy solid
lines correspond to properties of air in the ascending
branch of the stratocumulus circulation. Cloudy air
reaches the inversion at cloud-top with 8. shown, but
retains an SP at cloud-base. It mixes at cloud top
with warm dry air (6%, ¢*) above the inversion with
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FI1G. 9. Schematic tephigram for stratocumulus cloud-top en-
trainment instability. Heavy line is sounding in ascending air
through dry adiabatic layer and moist adiabatic cloud layer,
capped by a strong inversion at cloud-top. Saturation points SP,
for ascending cloudy air (corresponding to LCL at cloud-base)
and warm dry air just above inversion (SP*), with the missing line
between them (heavy dashed line). The critical mixing line for
instability is drawn which is parallel to the 8, isopleth (short
dashes) in the cloudy region (? > 0).

an SP* as shown. The heavy dashed mixing line (AD)
is parallel to the 6, isopleth, which means that all
cloudy mixtures with SP’s on BD have exactly the
same buoyancy as the ascending unmixed cloudy air.
We can see that AD must be the critical mixing line
dividing stability and instability of cloudy mixtures
by considering the points A’ and A",

If the air above the inversion had SP at A’, then
all mixtures would have SP’s on the moist adiabat
shown. It is clear that unsaturated mixtures (P
< 0), such as F, are warmer than the cloud (8,
> 0c) and cannot sink into the cloud. The cloudy
saturated mixtures with SP’s on CD all have the
same 6, but a greater 6,. than unmixed cloudy air,
because their liquid water content / is less. Thus,
mixtures with A’ air would be stable and not sink
into the cloud (ignoring the large radiative cooling
which cools cloud-top air parcels and mixtures, thus
driving the descending branch even in this stable
case).

Correspondingly, cloudy mixtures (7 > 0) with
A” air are unstable because they have a 8, cooler
than the unmixed cloudy air, since their mixing line
is to the left of the 8, isopleth through cloud-base.
These mixtures can sink freely into the cloud layer
as negatively buoyant, saturated downdrafts until
they run out of cloud water at their saturation level.
An important aspect of this process is that the mixing
of only a little dry air with SP at A” produces a
negatively buoyant mixture, since all cloudy mix-
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FI1G. 10. Schematic tephigram for the formation of unsaturated downdrafts in the
severe storm environment. The idealized sounding of T, T, (heavy lines) shows
warm upper dry adiabatic layer (UDAL) overlying moister subcloud layer. Satu-
ration points are shown for the two layers and the mixing line AC between them
(heavy dashes). The mixing line drawn is the critical mixing line for instability,
which is parallel to the 8,, isopleth (short dashes) in the unsaturated region (2
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< Q).

tures are negatively buoyant if the mixing line is to
the left of the 8, isopleth [contrast (5b) for a severe
storm environment].

Thus, the critical condition for instability in terms
of jumps across the inversion can be written (using

linearized gradients) .

A (——aom) ~ 0. 1(‘”“) , (16)
AP Opsi /., ap J,

using (15). In this form the critical condition is easily
visualized on a tephigram: it is to the left of the
moist adiabat through cloud-base by !/, of the dif-
_ ference in slope between dry and moist adiabats. The
coefficient is largely independent of pressure and
temperature (Table 2).

The criterion derived by Randall (1980) and Dear-
dorff (1980) is essentially equivalent to (16). Eq.
12b of Deardorff (1980) corresponds to finding
(8055./3gs1)s,. on AC in our Fig. 7. The usefulness
of (16) is that it is readily visualized on a routine
sounding.

If (16) is satlsﬁed one would expect a stratocu-
mulus layer to break up; conversely, scattered cu-
mulus layers such as trade cumulus presumably sa-
tisfy the instability criterion (Randall, 1980) (an
example is shown in Section 6d). Since (16) is simply
a comparison of the SP’s of the subcloud mixed layer
and warm dry air at inversion top, and since typically

6 decreases with height in the atmosphere, we see
that the presence of stratocumulus requires that (16)
be not satisfied, implying processes that produce rel-
atively:

1) High 6z above the inversion, such as strong
sinking outweighing radiative cooling, or

2) Low 6 in the surface layer, such as advection
over cooler land or ocean.

The magnitude of AP can be regarded as of quan-
titative importance in determining the magnitude of
the critical A8z in (16).

As Randall (1980), Deardorff (1980) and Moeng
and Arakawa (1980) conclude, the breakup of a stra-
tocumulus layer will occur if the air is advected over
a warmer surface or into a region of weaker large-
scale subsidence.

b. Unstable downdrafts in the severe storm envi-
ronment

The severe storm environment provides fascinating
parallels and contrasts with the stratocumulus layer.
Fig. 10 shows -an idealized structure of a condition-
ally unstable storm environment with a deep poten-
tially warm dry adiabatic well-mixed layer overlying
a cooler moister dry adiabatic layer near the surface.
This is a characteristic structure for the formation
of severe storms (see, for example, Ludlam, 1980,
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Chapter 8.7). The upper dry adiabatic layer (UDAL)
typically originates as a deep mixed layer over an
arid elevated terrain, and provides a strong capping
inversion for the underlying moister boundary layer.
However, if deep convection is triggered by inter-
mediate-scale - circulations, the UDAL provides a
highly unstable environment for severe storm growth.,
It is also highly unstable for downdraft circulations.
Kamburova and Ludlam (1966) and Betts and Silva
Dias (1979) have discussed the formation of strong
downdrafts in a nearly dry adiabatic environment by
the evaporation of falling precipitation. Evaporative
mixing can also produce strong downdrafts in the
UDAL. Whether this process plays any role in severe
storm dynamics is not clear: the effect of wind shear
and precipitation evaporation may be far more im-
portant. However, besides its theoretical significance,
it does suggest a mechanism for the triggering of
unstable downdrafts in smaller clouds in the early
stages of storm development.

Once again, in Fig. 10 we see two overlying air
masses characterized by very distinct SP’s. Air rising
from the well-mixed subcloud layer has an SP at C
(its LCL, and cloud-base).

The well-mixed UDAL shown (an idealization)
has an SP (its LCL) at A, and the mixing line AC
for mixtures between the two air masses is shown
(heavy dashes). Mixtures represented by points be-
tween A and B are unsaturated, produced by the
evaporation of cloud air into the dry environment.
Because C has a lower 6, than 8 of the UDAL, these
mixtures are colder than the UDAL. However, they
are also moister, and for the mixing line shown,
which is parallel to the 6,, isopleth for unsaturated
air, all unsaturated mixtures are just neutrally buoy-
ant. This is thus the critical mixing line dividing re-
gions of stability and instability. If cloud-base SP
were at C', all unsaturated mixtures are positively
buoyant; in fact, the atmosphere has become abso-
lutely unstable because 8, of the subcloud layer is
greater than that of the UDAL (see below). Typi-
cally, we would thus expect the SP of cloud-base air
to be at C”, so that cloud-base air has a lower 6, than
the UDAL. However this means that all unsaturated
mixtures with SP’s on AB” have a lower 8, than the
UDAL, and can sink freely as negatively buoyant
downdrafts to the base of the UDAL and perhaps
overshoot into the subcloud layer.

This instability can, in a sense, be regarded as the
opposite of the stratocumulus case. Here, the evap-
orative mixing of a little cloud air into the upper dry
adiabatic layer produces unstable dry downdrafts,
provided the cloudy air (from cloud-base) has a low
enough 8;: whereas for stratocumulus it is the mixing
of a little environmental air into the moist adiabatic
cloud layer that produces unstable saturated down-
drafts, provided the inversion top air has low enough
f. In both cases the critical condition involves the
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slope of the 6, isopleths, in the unsaturated and
cloudy regions respectively. The analog of (16) for
Fig. 10 is that the slope of the mixing line for insta-

bility
Ab _ (9_”s_L)

= B,
A? ap_gL /31 i

(17)

Oou

from (A25). The coefficient 8, is ~0.17 for gg ~ 10
g kg™! (see Table 2). '

This condition has in fact a simple meaning, which
was alluded to above: it is that the cloud-base air
has a lower 6, than the UDAL for downdraft insta-

bility
' (18)

Because cloud water evaporates, the cloud air is in
a sense cooled to its 8,, which is its cloud-base 8 (see
Section 3a), so that the buoyancy of unsaturated
mixtures involves simply an averaging of the 6,’s in
(18). (An analogous argument in reverse exists for
the stratocumulus case.) '

This mixing instability is simply due to the low
8, of subcloud air. The evaporation of only a little
falling precipitation, which lowers the SP of air in
the UDAL (Section 2d; Betts and Silva Dias, 1979)
along the moist adiabat (through A in Fig. 10), can
casily lower 8, so as to produce downdrafts which
can penetrate to the surface: this rather than evap-
orative mixing is the mechanism responsible for dam-
aging downdrafts in severe storms. Downdrafts from
evaporative mixing may play a role, however, in trig-
gering the development of new clouds in the early
stages of storm growth and organization.

The conventional definition of the level of free con-
vection (LFC) would be very misleading in Fig. 10.
For a cloud-base SP at C, the LFC is actually ar
cloud-base, since cloud-base air and the UDAL have
the same 6,. If the cloud-base SP is at C” the LFC
is above cloud-base: approximately at the intersec-
tion of the moist adiabat through C” with the 6,
isopleth (here the heavy dashed line) through the SP
of the UDAL. (See Fig. 8 and Section 6b.)

0,.(cloud-base air) < 6,,(UDAL).

¢. Downdrafts in a cumulus layer

The cumulus layer provides an intermediate and
more complex case than those in Sections 5a and 5b
because the lapse rate is typically midway between
moist and dry adiabats. Correspondingly, only roughly
equal mixtures of cloud and environment are nega-
tively buoyant and, as was shown in Section 3c, these
mixtures can only descend part-way back to cloud
base. As an idealized example, Fig. 11 presents a
cumulus layer capped by an inversion, and considers
mixing of air from above the inversion with cloud-
base air. This is an extension of Fig. 6 by the addition
of the inversion, a transition layer at cloud base and
the schematic 6, isopleths.
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F1G. 11. Schematic tephigram showing possibility of downdrafts
from evaporative mixing in a cumulus layer. The heavy line is the
environmental T profile. SP’s are shown for air from inversion-top
(A), mlxmg level (B) and cloud base (C). The heavy dashed line
is the mixing line between cloud base and inversion top, and the
light dashed line is the 8, isopleth through the mixing level SP,
at B.

Fig. 11 is a little more complicated than Figs. 9
and 10 because a continuous profile of SP’s is in-
volved in the cumulus layer which cannot be ideal-
ized to only two. For clarity, though, only three are
shown: cloud base, inversion top and the mixing line
AC between them and B, the SP for the level of
mixing, which is chosen near the inversion base. The
mixtures that are negatively buoyant are readily
identified by drawing the 6, isopleth BGF (short
dashes) through B, the SP of the level of mixing
(since we are comparing buoyancies at this level).
This isopleth kinks at the level of mixing, as SP’s
go from unsaturated to saturated regimes [and 4,
shifts from (13a) to (13b)]. The isopleth also inter-
sects the mixing line AC at D and F. Mixtures with
SP on DG are negatively buoyant: on DE they are
~ unsaturated, while on EF they are cloudy. The lowest
level to which a mixture can sink corresponds to the
equilibrium level of mixture F. This may be found
approximately by drawing the dry adiabat through
F (as in Fig. 6); more precisely by drawing the 6,
isopleth through F to find the environmental SP with
the same 6, (not shown).

It can be seen that only a limited range of mixtures
(of roughly equal masses of cloud and environment
for the example shown) can sink freely in negatively
buoyant downdrafts and, further, their existence re-
quires that the point E be colder than G.
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By comparison to Fig. 6, it is clear that this down-
draft instability criterion still corresponds roughly
to the mixing line being colder than the environ-
mental sounding, complicated only by the 8, correc-
tion and the colder SP at cloud-base.

Comparing Figs. 9, 10 and 11, we note that if
B — A in Fig. 11, this figure simplifies to resemble
(apart from environmental lapse rate) the severe
storm case Fig. 10, while B — C in Fig. 11 corre-
sponds more closely to the stratocumulus case Fig.
9, where the buoyancy comparison is made at the
mixing level with air from cloud base.

d. Convective regimes, instability and equilibrium

Fig. 12 summarizes this section in terms of SP
structure for the three regimes: stratocumulus, cu-
mulus and severe storm environment, for mixing be-
tween cloud-base air and an overlying layer. It also
shows schematically the slopes of the 8,,, 6, isopleths.
Clearly this diagram raises the possibility that some
classification of convective atmospheres may exist in
terms of SP structure. This we cannot explore further
here, although a few illustrative examples will be
given in Section 6.

In addition, we have so far only examined the ques-
tion of stability to downdrafts, produced by evapo-
rative mixing. Many convective atmospheres seem
to exhibit in some sense a quasi-equilibrium structure
(Ludlam, 1966; Betts, 1973; Arakawa and Schubert,
1974; Lord and Arakawa, 1980): that is, in some
sense, the atmosphere stratification and the convec-
tion are in equilibrium. This is clearly not the case
for the onset of a severe storm or the breakup of a
stratocumulus layer, but many intermediate cumulus
structures do show some tendency to equilibrium. A
few examples are given in Section 6.

6. Illustrative examples of instability and convective
equilibrium

The theory of the Saturation Point and its use in
cloud-mixing processes and tephigram plots of 8, has

FiG. 12. Schematic summary of SP structure for the three con-
vective regimes (heavy dashed lines). The short dashed lines are
the schematic slopes of the 8, isopleths.
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F1G. 13. Aircraft sounding at 1745 Z on 13 June 1976 through
stratocumulus layer (33.7°N, 126.5°W). T, T, soundings are solid
lines; saturation points of cloud-base air and a representative in-
version top air are shown circled. Error bars on inversion top SP
are representative of fluctuations of mixing ratio of aircraft ob-
servations between 890 and 920 mb. Short dashed line denotes
slope of 8, isopleth through cloud-base SP.

so far been developed only with idealized examples.
In this section some actual soundings will be pre-
sented to illustrate and develop the concept further,
primarily in the direction of explaining convective
equilibrium structure.

a. Stratocumulus sounding

Randall (1980), Deardorff (1980) and Moeng and
Arakawa (1980) have discussed stratocumulus in-
stability at length and confirmed (16), which is sim-
ply a reformulation of their criterion. Fig. 13 presents
as example a sounding through a stratocumulus layer
(Schubert, personal communication, 1981). The mix-
ing curve is shown as heavy dashes between cloud
base and the SP of 895 mb air above the inversion.
The 6, isopleth through cloud-base SP is shown dot-
ted. Inequality (16) is not satisfied, as expected for
the maintenance of a stratocumulus layer. Surpris-
ingly, perhaps, the lapse rate in the cloud layer is
slightly to the right of the moist adiabat, and lies on
the mixing line. One aircraft sounding cannot be
considered representative, although Schubert et al.
(1979) present a similar example for a few days later.
In Section 6d, we present an average tradewind
sounding which is more representative, and which
also shows coincidence of the temperature sounding
and the mixing line (as does Fig. 2 and some land
convective averages not included in this paper). This
suggests further study.

b. Colorado tornado sounding (Zipser and Golden,
1979)

Fig. 14 is the 1800 Z sounding from Limon (LIC)
on 14 August 1977, from Zipser and Golden (1979),
which illustrates the severe storm environment mix-
ing case (Section 5b). The cloud-base SP (and a cor-
responding wet-bulb 8 of 23.5°C) is based on surface
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Fi1G. 14. 1800 Z sounding at Limon (LIC) on 14 August 1977,
showing temperature and dewpoint (heavy lines), dry and moist
adiabat through cloud base (light lines), mixing line between
cloud-base SP and that for 600 mb air (heavy dashes), and 6,,
isopleth (light dashes) through the upper environmental SP. The
approximate level of free convection (LFC) is shown. The mixing
line satisfies the instability criterion (25) for unstable unsaturated
downdrafts caused by cloud evaporative mixing. Sounding from
Zipser and Golden (1979).

observations at 2200 Z, the time of the observed tor-
nadoes. The mixing line shown is drawn between
cloud-base SP and the environmental SP for 600 mb,
characteristic of the upper, nearly dry adiabatic layer
from 580 to 700 mb, which has a potential temper-
ature of ~45.5°C. Table 3 gives values for the two
Saturation Points shown. The 6, isopleth through
the upper SP is drawn (short dashed).

Because cloud-base air has a 6,, below this 8, is-
opleth, unsaturated mixtures of cloud and clear air
will be negatively buoyant and sink freely in down-
drafts in the upper dry layer: that is, inequality (17)
is satisfied.

Although cloud-base air is ~3 K colder than the
environment (318 K at cloud-base), because of the
6, correction, its negative buoyancy at cloud-base is
only ~1.5°K. In this case where the upper layer is
nearly well mixed, the level of free convection is given
to sufficient accuracy by the level of intersection of
the moist adiabat and the dotted 6, isopleth. (See
Fig. 8 for the exact construction).

TABLE 3. Parameters for tornado sounding SP’s.

p Pst Tse Ose qst Oese O
Cloud-base 685 9.5 3150 11.0 349.0 3171
600 mb 485 —14.0 3188 2.67 3276 319.3
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P(CLOUD-BASE)

F1G. 15. 1730 Z sounding at Potter on 25 July 1976, showing temperature and’
dewpoint; two mixing lines between SP’s for cloud-base air and air from 8 and 4.65
km. SP’s for in-cloud observations are shown (open circles). Sounding from Paluch

(1979).

¢. Cloud-top mixing (Paluch, 1979)

Paluch (1979) showed -that in-cloud parameters
measured by a sailplane corresponded typically to
mixtures between cloud-base air and air from several
kilometers above the flight observation level, sug-
gesting mixing down of environmental air entrained
through cloud-top. She used mixing diagrams for the
conserved parameters: total water and a wet equiv-
alent potential temperature (conserved along a re-
versible wet adiabat). Fig. 15 is a replot of her Fig.
4 on a tephigram. The SP’s of some measurements

. of in-cloud properties are plotted as small circles:

they lie on the mixing line between air from 8 km
(SP at 282 mb) and 1.5 km (just above the surface,
with SP at the observed cloud-base of 3.8 km, 645
mb). The flight level of the in-cloud observations was
5.2 km. Fig. 15 only shows SP’s below the flight level
because the sailplane did not measure moisture con-
tent in unsaturated air. The mixing line is also drawn
between cloud-base air and air from 4.65 km, cor-
responding approximately to “lateral entrainment”
of air into the cloud between cloud-base and the ob-
servation level. As Paluch (1979) concluded, it is
clear that this mixing process does not characterize
the measured in-cloud properties.

6, isopleths have not been plotted on this large-
scale tephigram for clarity. prever, it can be seen

'

qualitatively that just saturated mixtures are nega-
tively buoyant at upper levels, but are near neutral
buoyancy (slightly more positive with the 6, correc-
tion) between 460 and 545 mb (the flight observation
level), indicating (Paluch, 1979) that air descended
in mixtures that are close to buoyancy equilibrium
(Telford, 1975).

d. Trade cumulus equilibrium structure

The trade cumulus layer involves the mixing of a
moist boundary layer with overlying drier, poten-
tially warmer air above the trade inversion. The com-
parison with the stratocumulus layer is instructive.
Fig. 16 presents the average of three days’ soundings
during BOMEX, a trade-wind experiment, during
an undisturbed period. (7, T)p) for the mean sounding

- are plotted as heavy lines, the open circles are SP’s .

for selected levels (found by the intersection of the
dry adiabat through the SP with the T sounding),
and the dashed line is the mixing line between cloud-
base air and the subsiding air just above the trade
inversion.

Several facts are readily apparent:

‘1) The instability criterion for the breakup of a
stratocumulus layer is easily satisfied: 0 of the sub-
siding dry air at inversion top is well to the left of
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FIG. 16. Three-day average sounding for undisturbed trade-wind con-
vection (BOMEX 22-24 June 1969, data kindly supplied by E. M. Ras-
musson). Dashed curve is mixing line between inversion top and subcloud
air SP’s. Open circles are SP’s of environment. Arrow AB denotes gen-
eration of environmental SP by radiational cooling of air from mixing

line.

both the moist adiabat through cloud-base, and the
6, isopleth through cloud-base (not shown). The cu-
mulus layer lapse-rate is also well to the left of the
moist adiabat.

2) Above the base of the trade inversion, just-sat-
urated mixtures are very cold and will readily sink
in do;vndrafts to near the base of the inversion (Betts,
1973).

3) The lapse-rate in the conditionally unstable
cumulus layer, between cloud-base and inversion
base, parallels remarkably closely the mixing curve,
which does not favor downdrafts in this layer.

4) Within the cumulus layer and trade inversion
layer, saturation points of the environment lie to the
left of the mixing line.

Since this is an average of some 180 soundings
during a 3-day period (22-24 June 1969) of shallow
trade-wind convection, it can be regarded as repre-
sentative (individual day averages show the same
features).

Because of 1) and 2) above, overshooting cumulus
towers become cooler as they mix in the inversion
layer and can readily sink back towards the base of
the trade inversion. In this process the SP of a mix-
ture moves up the dashed line from cloud-base. How-
ever, unlike a stratocumulus layer where the cloud
layer has a nearly wet adiabatic structure, the cu-
mulus layer has a marked 6zg minimum at the trade
inversion base. Downdrafts cannot penetrate this
level. Indeed, Fig. 16 shows that no mixtures of
cloud-base and inversion top air are significantly
cooler than the environmental profile below the in-
version base (the 8, correction eliminates the small
negative temperature difference in Fig. 16). Thus

downdrafts are favored above the inversion base, but
not below. Betts (1973, 1978) and Cho (1977) have
both shown that cloud-induced downward motion
dominates above the trade inversion base, but the net
cloud-mass flux is upward in the lower cumulus layer.

We conclude that the evaporative mixing, cooling
and sinking of overshooting cumulus towers lowers
the inversion base 6, and with it steepens the lapse-
rate of the lower cumulus layer until the latter
reaches the dashed mixing curve when further cool-
ing by mixing is not possible.

This explains 3) but not 4): why, that is, the lower
cumulus layer is not brought to saturation on the
mixing line, but instead has a nearly constant 80%
relative humidity (a value of 7 ~ —20 mb). Further
lateral mixing between cloud and this environment,
for example, would give cooler mixtures and the layer
would tend to saturation at the environment SP’s.
4) is certainly an equilibrium state, but it cannot be
explained by mixing alone between the two source
regions of air: the subcloud layer and inversion top
(since all such mixtures would have SP’s on the
dashed line).

We conclude that radiative cooling of the envi-
ronment is probably responsible for the deviation of
environmental SP’s in the cumulus layer from the
dashed line. The arrows linking ABC in Fig. 16 show
this process: the cooling of just saturated mixtures
at constant g (see Fig. 3) to give an environmental
SP (A to B) while the parcel sinks to 8, equilibrium
(B to C). The cooling necessary in the middle of the
cumulus layer is ~ —1.4°C and at cloud-base less

_{(~ —0.5°C). Cox (1973) calculates a radiative cool-

ing rate of —2°C day™! for the 100 mb layer 967-
867 mb, giving a tﬁme scale for the radiative cooling
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F1G. 17. Sounding for GATE ship Dallas, for 1214 Z, Julian Day 257,
1974. T, Tp, soundings shown as heavy lines, environmental SP’s as open
circles. The mixing line between cloud-base SP and environmental air at
675 mb is shown (heavy dashes), and the 8, isopleth through cloud base

(short dashes).

of the environmental SP’s ranging from 1.4 to 4
day~'. For comparison, Cho (1977) gives a recycling
rate of environmental air by cumulus clouds for the
BOMEX data which varies sharply with height from
1.2 day™" at 900 mb to 2.8 day™! at cloud-base. An-
other rough estimate of this layer recycling rate
(using Cho’s data) is ‘

cloud mass flux 160 mb day ™
layer depth 100 mb

Using Betts’ (1975) value of 200 mb day™! for the
cloud-base mass flux gives a slightly higher value,
The agreement with the radiative timescale estimate
is satisfactory (particularly since the BOMEX hu-
midity data needed significant correction).

- The intriguing implication of this preliminary
analysis is that while the thermal structure of the
trade cumulus layer is maintained by a cloud-scale
process (the cold downdrafts produced by overshoot-
ing cumulus towers), the relative humidity of the
layer appears to involve in addition a radiative time-
scale. This clearly needs further study.

~ 1.6 day™".

e. GATE convective band inflow, sounding

Fig. 17 shows the sounding at 1214 Z on Julian
Day 257 from the ship Dallas doing the GATE ex-
periment. It is representative of air flowing into a
convective band (Zipser et al., 1981). The sounding
is quite stable and moist. The open circles show en-
vironmental air SP’s: the lowest circle (marked A)
is the SP of air from near the surface, representative
of cloud-base air. The mixing line (heavy dashes) is
drawn between A and the SP of 675 mb environ-

mental air, representative of the more stable layer
from 650-750 mb, which may be the top of a cu-
mulus layer. This is the mixing line with near-neutral
buoyancy. Mixing lines with air from above this level
are positively buoyant, indicating that even with con-
tinuous mixing with air with cloud-base SP, descent
in negatively buoyant downdrafts is not possible.
Mixing between cloud-base air and air below 700 mb
gives- negatively buoyant mixtures, which can de-
scend some way in downdrafts (Sections 3b; 5¢).
With continuous mixing with cloud air from cloud-
base, parcels could descend from 725 mb through
the cloud (Telford, 1975).

Fig. 17 also shows (short dashes) the 6, isopleth
for cloudy air through the cloud-base SP to 700 mb
(A30). Its meaning is that cloudy air ascending moist
adiabatically to point B at 700 mb, without fallout
of liquid water, has a buoyancy equivalent to a sat-
urated parcel at point C with no liquid water (see
Fig. 8). It is clear that the liquid water loading has
greatly reduced cloud parcel buoyancy at 700 mb,
where the sounding is nearly saturated (on CD, 86
oc 68,, A23). Indeed, if the sounding were saturated,
the area between the 8, isopleth and the sounding
curve is related to the available potential energy (See
Section 4c¢). This is qualitatively true for the moist
sounding shown, and we can see that the CAPE is
dramatically reduced by the water loading. Zipser
and Lemone (1980) have commented on the weak-
ness of observed GATE updrafts in relation to the
convective available potential energy (as convention-
ally computed ignoring the negative contribution of
liquid water to the buoyancy). One-dimensional
models readily show the dynamic significance of the
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water loading for GATE clouds (E. J. Zipser, per-
sonal communication, 1980). Fig. 17 graphically in-
dicates how buoyancy is markedly reduced until
microphysical processes convert and precipitate cloud
water.

The next example shows this reduction in buoy-
ancy even more dramatically.

f. Deep convective equilibrium structure

A number of GATE soundings in highly disturbed
convective episodes show nearly saturated soundings
with lapse-rates through a deep layer that are be-
tween dry and moist adiabats and are, therefore,
apparently highly unstable. (This was pointed out by
Ed Zipser to the author, who had noticed similar
soundings for VIMHEX data.) Fig. 18 shows an ex-
ample: 1213 Z on Julian Day 248 (1974) from the
ship Dallas. The sounding (during a major distur-
bance) is nearly saturated from 1000-650 mb and
the moist adiabat through the low-level SP (cloud-
base) suggests a large convective available potential
energy. However, the 6, isopleth through the cloud-
base SP at 990-625 mb (the sounding 6z minimum)
shows that without fallout of cloud water, updrafts
are almost neutrally buoyant. This is again consistent
with the weak drafts observed in GATE (Zipser and
Lemone, 1980). Furthermore, it suggests that in
major disturbances, the atmosphere approaches an
equilibrium structure that is near neutral to the con-
vective process. Above 625 mb, 8¢ for the environ-
ment again increases: this is consistent with the fact
that above this level precipitation and freezing
(freezing level is ~575 mb) significantly increase
parcel buoyancy.

F1G. 18. Sounding for GATE ship Dallas, for 1213 Z, Julian
Day 248, 1974. The 4,. isopleth (short dashes) and moist adiabat
are drawn through a low-level SP (at 990 mb).
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F16. 19. (T, T)) sounding for VIMHEX-1972 (No. 317, 1005
LST on 2 September 1972 (curves on left) and composite hurricane
sounding (on right) at » = 0.7°, from Frank (1977). Dashed lines
indicate slope of 8, isopleth through a low-level SP.

Fig. 19 shows two other examples, a sounding near
the end of a major convective episode during the
VIMHEX-1972 experiment, and an average hurri-
cane sounding from Frank (1977), characteristic of
the intense convection just beyond the eyewall cloud.
Both show the same structure as Fig. 18: a temper-
ature sounding that closely parallels the 6, isopleth.
The mixing curve between the mid-troposphere and
the low-level SP is not shown, but clearly it too
closely parallels the sounding. Thus, the atmosphere
has become near neutral both to mixing and buoyant
processes. Parcels can rise buoyantly if liquid water
is precipitated, but also sink with negative buoyancy
if rain falls into the nearly saturated environment,
simply due to the liquid water loading.

The following tentative conclusions can be drawn:

1) The apparently highly unstable soundings in
regions of major disturbances are in fact near-neutral
in the lower troposphere, until cloud water is con-
verted and precipitated. In other words, the atmo-
sphere appears to establish a convective equilibrium
structure in which the mixing curve, and the satu-
rated sounding profile, both approach the 8, isopleth.

2) The 8,. isopleth for cloudy air is of great sig-
nificance. It indicates that the reference process for
the buoyancy on ascent of a cloud parcel is only
0.9T, (A30) until the cloud water is converted and
precipitated.

This is clearly of significance to simple cloud mod-
eling, lapse-rate adjustment models for convective
parameterization, and the establishment of a quasi-
equilibrium structure (Manabe et al., 1965; Betts,
1973; Arakawa and Schubert, 1974). In closing, it
is noted that the three examples in Figs. 18, 19 char-
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acterize major rain episodes, but do not have the
large low-level decreases of fg caused by strong un-
saturated downdrafts, as occur in traveling squall
systems (Zipser, 1977; Miller and Betts, 1977).

7. Closing remarks

"This paper has covered considerable ground in a
largely conceptual and illustrative manner. The main
conclusions are summarized here.

1) The use of the Saturation Point (SP) consoli-
dates and simplifies the description of the moist ther-
modynamics of cloudy air. It compactly represents
the conserved parameters and suggests a coordinate
system for simple cloud models. (This work will be
continued in another paper.) It simplifies the rep-
resentation of clear and cloudy air (but not precip-
itation) on a thermodynamic diagram (the tephigram
was used in this paper).

2) The use of the SP enables the simple repre-
sentation of the mixing process between air parcels
(whether clear or cloudy) originating from any level
in the atmosphere, in térms of a mixing line on a
thermodynamic diagram. The relationship of the
mixing line to the atmospheric stratification is made
readily visible, and questions such as the minimum
temperature from an evaporative mixing process are
casily answered.

3) The use of the SP permits the representation
of virtual potential temperature isopleths on a ther-
modynamic diagram for both unsaturated and cloudy
domains. This is a significant advance in the use of
the thermodynamic diagram, since questions of par-
cel buoyancy, available potential energy, parcel equi-
librium level, level of free convection (with 8, cor-
rection) become readily visible. :

4) Taken together, 2) and 3) allow the diagram-
matic representation of instabilities due to evapo-
rative mixing. As well as expressing the well-known
cloud-top entrainment instability for a stratocumulus
layer in these terms, we have also shown that an
analogous but contrasting downdraft instability ex-
ists in the severe storm atmosphere. For the strato-
_ cumulus layer, the mixing of some dry air from the
inversion into the cloud layer produces unstable
cloudy downdrafts in the moist adiabatic cloud layer,
provided 6 of the entrained clear air is low enough.
For the severe storm environment the mixing of some
cloud air out into a nearly dry adiabatic upper mixed
layer produces unstable, unsaturated downdrafts
provided the cloud 8; is low enough. These two ex-
tremes were contrasted with the production of down-
drafts by mixing in a cumulus layer which has a more
intermediate structure. In the cumulus layer, cool
downdraft production requires that the slope of the
mixing line be to the left of the sounding temperature
profile (i.e., cooler), but even so, mixtures can only
descend part way to cloud base.
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5) The use of the mixing line and the 8, isopleths
suggests explanations for the equilibrium structure
of the convective atmosphere. A specific illustration
shows the equilibrium thermal structure of the lower
trade cumulus layer lies on the mixing line between
air from the subcloud layer and from the inversion
top. It is suggested that radiative cooling may be
responsible for the deviation of the SP’s in the cloud
layer from the mixing line.

Other examples for the highly dlsturbed tropical
atmosphere over the ocean (GATE) over land (VIM-
HEX) and an inner hurricane rain area composite
(Frank, 1977) show that the apparently conditionally
unstable thermal structure in the lower troposphere
parallels the 6, isopleth (for air ascending with
cloud water). This suggests that rather than being
unstable, the atmosphere has approached a near-neu-
tral condition for the process.

6) The mixing line representation supports the
inference of cloud-top mixing in Colorado cumulus
clouds from soundings and aircraft observations
(Paluch, 1979), and the 6, representation permits
buoyancy comparisons to be made.

7) The 8, isopleth shows that the buoyancy ref-
erence process for cloudy air is only 0.9 of the moist
adiabatic lapse-rate (until liquid water is precipi-
tated). This markedly reduces convective available
potential energy and suggests an explanation for the
low updraft velocities in GATE cumulonimbus clouds.

Clearly many of these topics require further ex-
ploration using other atmospheric data sets. The
principle advantage of the tephigram approach used
here is that soundings are routinely plotted on ther-
modynamic diagrams. The addition of the SP’s, some
sample mixing lines and the 8, isopleths (on moveable
overlays) gives a wealth of new insights into convec-
tive structure and processes; instabilities and equi-
librium, downdraft and updraft properties. These
diagrams facilitate comparison of different convec-
tive atmospheres and the transitions between them,
and for many purposes are sufficiently accurate
(given the errors in real sounding data).
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APPENDIX
Thermodynamic Parameters

a. Symbol convention

Devising a simple notation for the multitude of
symbols in Fig. 1 is not easy, particularly since many
are in conventional use. A subscript notation will be
used here in which subscript W denotes a variable
defined on the moist adiabat through the SP, L a
variable defined on the dry adiabat (constant 6,), and
D on the constant g line (dewpoint line). Table 4
summarizes the meaning of these symbols. For ex-
ample, if a parcel descends through its saturation
level and hence changes from being cloudy to un-
saturated, the interpretation of 8, changes as 6, re-
" duces to 8, while that of 85, changes from 6Ty,
p) to 0z T, p) etc. The value of having the general
symbolic notation is that the thermodynamic rela-
tionships discussed in the next section become in-
dependent of whether a parcel is cloudy or unsatu-
rated. The general symbols for the conserved vari-
ables are placed in parentheses in Table 4, because
\
whatever the parcel pressure p, these always have
their saturation level values, which we have given
special symbols, subscripted SL (Section 2b). For
example,

0.(p) = 0(ps,) = 05, ,

BEW(p) = 0ES(PSL) = OgsL -

b. Linear relationships (Fig. 1)

There are six useful linearizations of the gradients
of the 6, 8z, g5 lines on a thermodynamic diagram
(Fig. 1). These can be written with the symbol con-
vention of Table 4:

5. — 0u(p) = (j—f})? (A1)
51 — 60p) = (%)73 (A2)
Sass — Orul) = ("%)‘P (A3)
ese — Oenlp) = (%S)? (A4)
gs. — awlp) = ("ip B, (A5

(A6)
where

(5, = ()
ap ks apSL

(7472
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TABLE 4. Symbol convention.

Parameter specified

Parameter specified at parcel pressure p at ps
Unsaturated General Conserved
air Cloudy air symbol parameters
0 8, 0) — b5
0W 0 oW
00 aDT 00
[’} ES( T) 055( Tl_) oEL
O 0es(T) (Bew) —— Oess
9ES( TD) BES'( TDT) 950
q{T) qL qL
qaw q{T) aw )
q gr=gs+! (@) — gqu

is simply the change of § with pressure along a moist
adiabat in Fig. 1, etc. For example, for cloudy air
(P > 0), (A5) becomes (Table 4) the well-known
_ a_qs)
- (ap P

b
fes

(A5)

while for unsaturated air (? < 0), (A6) would give
the subsaturation

_ __3_@)
ds — 4= (Op 07)-

The gradients in (A1) to (A6) are further interre-
lated through the definition of g

6055 &0 6qs
G, =, 2+ 1M
P Ogs ko LT

This involves slight approximation if L, C, are taken
constant. It follows from (A7) that

(A6)

(A7, 1b)

a6 Ls aqs
(o) ()
i ap 8es CPT ap s
aoEs) Lbgs (aqs) '
—_—) = — 11—, A9
(6p s GCT \dp/, (49)
80) 0 ((9053)
—] ==—1—— , Al0
(ap qs Oes \ 9p qs ( )

where mean values of T, 8, 05, have been inserted.
These are simply relationships between the param-
eters from which the tephigram is constructed. They
are equally valid written in terms of 8s;, gsi, 8gsi,
Psc. (A8) is well-known and when substituted in
(A1), (AS) gives

Colfs. = 0w(P)] = = [9up) — gsu], (ALD)

which for unsaturated air simplifies to the definition
of the wet-bulb temperature

CAT — Ty) = L(gw — q), (A12)
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while for cloudy air (A11) gives the approximation
for 6,

LB

(A12) .
(A9) substituted in (A3) and (A6) gives
Lé
05L(P) — Opss = EET;-S ((IL(P) = QSL), (A13)
P
which reduces for 2 < 0 to
Lo
Oes(p) — 05 = —C—L; (gs—q), (Al4)

which relates 8z5 — 85 for unsaturated air to its sub-

saturation, and is fairly well-known, e.g., Betts:

(1974). Similarly, (A10) substituted in (A2) and
(A4) gives

bsz = 00(p) = 3 [bas — o)), (ALS)

which reduces for P < 0 to /
0
0—40p= 5_ [0z — 0Es(TD)]~

ES

(A16)

This relates the dewpoint 6 depression to the 6z
depression of the dewpoint temperature, and together
with (A10), (A4) has (to the author’s knowledge)
not yet found a use.

We include all these relationships for complete-
ness, since they are all implied in Fig. 1, together
with the Clausius-Clapyron relationship, which is
approximately (isobarically)

(éq_s) _Lgs _«
T/,  R)T* T’
where a = Lgs/R, T, and Ry is the gas constant for
water vapor. This can be used to relate isobaric

changes of 6, 0zs (Betts, 1973) by substituting in
(A7)

(A17)

0lgs )

—~0+y)~

0’ (A18)

where we define the symbols (see also Section 4b)
_ L _ (qu)(i) _a
YT orRT \RTNCT) ™ ¢’

where ¢ = C,T/L. Thus, in gradient form, we may
write for an arbitrary 46/dp (Betts, 1973)

8 (30es) _ a0 (30
EES( ap ) (1+ 7)[317 (ap)gEs] - (A19)

For the dry adiabat, d6/dp = 0 and A19 becomes

] (6053)
—\|—] =+,
955\ op J, ( Y)Tw

(A20)
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defining T', as in (A8). This relates the gradient of
fgs on the dry adiabat to the gradient of 6 on the
moist adiabat. :

¢. Gradient of 8, isopleths
1. UNSATURATED REGION: P < 0

Consider the triangle ADE in Fig. 7: the gradients
are related by

a6 a6,
o= (5, + (5 (o), aa
Opse Ovu 90, PSL Ipse OsL
At constant pg; from (13a’)
8y, _ sy, _0.618qs (A22)
0,, O0s, 1+0.61Gs "

Substituting the Clausius-Clapyron eq'uat‘ion from
(A17) in the form

0qs. = aaBSL/aSL 5

gives
(agSL) N S (A23)
0/, 1+ 0.61a’’
where
- (z7+)
o R.T +1)gs.
Now
() ool
ap SL{ 651 ap SL7 951
= 0.61¢(1 + y)Ty, (A24)

substituting (A9), (A20) (which are equally valid in
terms of pg;, 0s;, etc.). Substituting (A23), (A24)
in (A21) gives

9psL
since a = ye. Table 2 shows that (3, increases
with gs.

_ 0.61(e + a)
1+061d

Iy =8Tw, (A25)

Bou

2. CLOUDY REGION: P > 0

A similar analysis for the saturated cloudy region
shows that the 6, isopleths deviate from the moist
adiabat in Fig. 7 by a small (nearly constant) fraction
of its slope. Considering the triangle ABC in Fig. 7,
the gradients are related by
(66’SL) _ (60SL)

psiL Ops:

fESP Goe.p

) @)
af,. Oper

PSL.P OEs.p

(A26)
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- The left-hand side is just I'y. At constant p, ps; from
(13v)

60,, 00

0.616gs 5l

6o 0

Neglecting the small terms in /, 6/, we obtain the
equivalent of (A23):

aosL) 1
—= o~ ————— (A27)
(60,,0 e 11061
Finally,
(%) - _0(i) , (A28)
opsiL Ogsip dpse O5s.p

since #, g do not change if 85, p are kept constant.
Therefore,

(ae.,c) - a(‘—’ﬂﬁé) =Ty, (A29)
Opst Oes.p psc PY

substituting from (A8). Substituting (A27), (A29)
in (A26) gives

6031_) ( € )
- =l—'y = B,Tw. (A30
Tw (GPSL s 1+0612) " B:Tw. ( )

Table 2 shows that 8, ~ 0.1 for all gs.
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