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Abstract. Modifications of the widely used K-profile model of the planetary boundary layer (PBL),
reported by Troen and Mahrt (TM) in 1986, are proposed and their effects examined by comparison
with large eddy simulation (LES) data. The modifications involve three parts. First, the heat flux
from the entrainment at the inversion layer is incorporated into the heat and momentum profiles, and
it is used to predict the growth of the PBL directly. Second, profiles of the velocity scale and the
Prandtl number in the PBL are proposed, in contrast to the constant values used in the TM model.
Finally, non-local mixing of momentum was included. The results from the new PBL model and the
original TM model are compared with LES data. The TM model was found to give too high PBL
heights in the PBL with strong shear, and too low heights for the convection-dominated PBL, which
causes unrealistic heat flux profiles. The new PBL model improves the predictability of the PBL
height and produces profiles that are more realistic. Moreover, the new PBL model produces more
realistic profiles of potential temperature and velocity. We also investigated how each of these three
modifications affects the results, and found that explicit representation of the entrainment rate is the
most critical.

Keywords: K-profile model, Large eddy simulation (LES), Non-local mixing, Planetary boundary
layer (PBL), PBL model.

1. Introduction

The transport by large eddies plays an important role in the vertical mixing of heat,
momentum and moisture in the convective boundary layer. The usual downgradient
parameterization of vertical mixing is not appropriate in this case, and the non-local
mixing associated with the bulk properties of the planetary boundary layer (PBL)
has been increasingly applied (Deardorff, 1966; Therry and Lacarrere, 1983; Stull,
1984; Troen and Mahrt, 1986; Holtslag and Moeng, 1991; Chrobok et al., 1992;
Abdella and McFarlane, 1997).

The inclusion of the effects of non-local mixing was pursued in various dif-
ferent ways. For example, Stull (1984) developed the transilient model in which
various non-local mixings are explicitly treated, and Therry and Lacarrere (1983)
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and Abdella and McFarlane (1997) included non-local terms in the second-order
turbulence closure model. Meanwhile, Troen and Mahrt (1986) developed the K-
profile model in which the profiles of eddy diffusivity and viscosity are presumed
a priori, based on the overall mixing property of the PBL.

In the Troen and Mahrt model (TM model, hereafter) the non-local mixing in
the kinematic heat flux is represented by

−w′θ ′ = Kh

(

∂θ

∂z
− γh

)

. (1)

Here Kh is the eddy diffusivity for potential temperature θ and γh is the counter-
gradient term representing the non-local mixing due to large convective eddies.

The TM model also assumes the profile of the eddy viscosity as

Km = kwsz
(

1 − z

h

)2
, (2)

where k is the von Karman constant (= 0.4), z is the distance from the surface, and
h is the boundary-layer height. Note that in the TM model h represents the height
where the heat flux disappears, i.e., w′θ ′ = 0 at z = h, which is located above the
height of the minimum heat flux. The eddy diffusivity Kh in (1) is computed from
Km by using the Prandtl number Pr, as Kh = Pr−1Km.

The velocity scale ws in (2) is represented by the value scaled at the top of the
surface layer, ws0 such as

ws0 = (u3
∗ + 7εkw3

∗)
1/3, (3)

where

w∗ = [(g/T0)(w′θ ′
0h)]1/3 (4)

is the convective velocity scale given the surface buoyancy flux (g/T0)w′θ ′
0, and

the ratio of the surface layer height to the PBL height, ε is arbitrarily specified to
be 0.1.

Here the velocity scale ws0 is made to be coincident with the velocity scale at
the top of the surface boundary layer (z = εh) as

ws0 = u∗φ
−1
m , (5)

where u∗ is the surface friction velocity and φm is the wind profile function
evaluated at the top of the surface layer.

The value of φm is obtained by satisfying the compatibility with the surface
boundary similarity. The profile functions for momentum and heat, φm and φh, are
given respectively by

φm = φh = 1 + 4.7z/L (6)
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for stable conditions, and

φm = (1 − 16z/L)−1/4, (7)

φh = (1 − 16z/L)−1/2, (8)

for unstable conditions, from Businger et al. (1971), where L is the Obukhov length
(≡−u3

∗T0/kgw′θ ′
0). To determine (5) in unstable conditions, however, Troen and

Mahrt (1986) assumed the following function;

φm = (1 − 7z/L)−1/3. (9)

The exponent of −1/3 in (9) was chosen to ensure the free-convection limit for
z ≫ L. With the coefficient chosen to be 7, the values obtained from (7) and (9)
differ less than 6% for z/L < 2. We can obtain the value of ws0, given by (3), by
substituting (9) into (5).

The countergradient term γh in (1) is given by

γh = b0
w′θ ′

0

ws0h
, (10)

where b0 is a coefficient of proportionality. Troen and Mahrt (1986) suggested the
value of this coefficient as b0 = 6.5.

The boundary-layer height is determined by specifying a critical value of the
bulk Richardson number Rib defined by

h = Rib
T0|U(h)|2

g(θ(h) − θs)
, (11)

where U(h) and θ(h) are the horizontal wind speed and the potential temperature
at z = h. The temperature scale of the boundary layer θs is defined as

θs = θ(z1) + θT (12)

with

θT = b0
w′θ ′

0

ws0
. (13)

Here θ(z1) is the potential temperature at the lowest atmospheric level in the model
z1. For the critical value of the bulk Richardson number, Rib = 0.5 was suggested.

For the actual prediction of the growth of h in the TM model, the criterion (11)
can be rewritten as

θ(h) = θs + Rib
T0|U(h)|2

gh
, (14)
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Using (14), h is determined at each time step, after the potential temperature profile
is modified by the vertical diffusion given by (1).

The Prandtl number is given by the value Pr0 obtained at the top of the surface
layer (z = εh) as (Troen and Mahrt, 1986),

Pr0 = φh

φm

+ b0εk. (15)

In the TM model the Prandtl number is assumed constant over the whole boundary
layer.

The TM model has been applied to climate and weather forecast models (Hong
and Pan, 1996; Holtslag and Boville, 1993; Lüpkes and Schlünzen, 1996), and
it was found to improve the prediction of the PBL effectively by incorporating
the non-local mixing, notwithstanding its relative simplicity. The results showed
that the TM model can transport heat and moisture more effectively away from
the surface compared to a local mixing model, and thus reproduces more realistic
temperature and humidity profiles.

The performance of the TM model was examined recently using large eddy
simulation (LES) data. Ayotte et al. (1996) evaluated the performance of various
PBL models by comparing various integrated quantities from the models with those
from LES. Although the TM model was found to perform better than other PBL
models in general, its prediction of the entrainment rate is not satisfactory. In par-
ticular, it was found that the entrainment is overestimated for a PBL with strong
shear and underestimated for free convection in the TM model. Meanwhile, Brown
(1996) found that the TM model produces too strong shear within the convective
boundary layer from examinations of mean temperature and velocity profiles ob-
tained from LES, although the TM model still shows improved results compared
to the local mixing scheme.

The above-mentioned investigations of the TM model using LES were mainly
concerned with the mean variables such as potential temperature and velocity or
the integrated properties. However, for more rigorous assessment of the validity of
the model we also need to examine the various assumptions introduced into the
TM model under various circumstances, such as the heat flux profile of (1) and the
critical bulk Richardson number used to determine the boundary-layer height in
(11).

Meanwhile, a few questions are raised with regard to the TM model from a
theoretical viewpoint.

First, the entrainment is not represented explicitly in the heat flux profile, and
the vertical mixing and the growth of the PBL are treated separately. This is rather
absurd, considering that both the vertical mixing and the growth of the PBL repres-
ent the vertical heat transfer. They are usually treated simultaneously in turbulence
closure models, e.g., the Mellor–Yamada model (Mellor and Yamada, 1982).

Second, the model is not consistent with the case of free convection. The K-
profile of (2) does not obey the free convection limit, Kh ∝ z4/3 for z ≪ h
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(Panofsky and Dutton, 1984), as pointed out by Holtslag and Moeng (1991). Fur-
thermore, both the velocity scale and the Prandtl number Pr, which are evaluated
at the top of the surface layer by (3) and (15), are assumed to remain invariant
throughout the PBL. However, the factors used to evaluate ws and Pr, such as
turbulent kinetic energy (TKE) and stability, vary substantially with height within
the PBL.

Finally, it still needs to be determined whether we can really neglect the non-
local mixing of momentum in the convective boundary layer, while the non-local
mixing of heat is applied. Brown and Grant (1997) and Frech and Mahrt (1996)
suggested the inclusion of the non-local mixing of momentum for more realistic
prediction of the wind profile in the convective boundary layer. However, it is not
yet clear how the inclusion of the non-local mixing of momentum can improve the
general performance of a PBL model such as the growth of h.

In this paper, we suggested a new PBL model by modifying the TM model as
to the above-mentioned three factors with the help of LES data. Having developed
a new PBL model, we evaluated the performance of both TM model and the new
PBL model by comparing the resultant various profiles and boundary-layer heights
with the LES data. In addition, we analyzed how each of these three modifications
in the new PBL model affects the results.

2. LES Model and Simulations

The various PBL flows used in this study were generated from the LES code
described in Raasch and Etling (1991). Subgrid-scale turbulence is modelled ac-
cording to Deardorff (1980). A prognostic equation is solved for the subgrid-scale
TKE, which is used to parameterize the subgrid-scale fluxes. Between the sur-
face and the first computational grid level Monin–Obukhov similarity is assumed.
Periodic boundary conditions are used in both lateral directions. The present LES
model has been successfully applied to various PBL problems (Raasch and Etling,
1998; Raasch and Harbusch, 2001; Schröter et al., 2000).

The numerical scheme is a standard, second-order finite difference scheme
using the absolutely-conserving scheme of Piacsek and Williams (1970) for
the nonlinear advection term. The prognostic equations are time-advanced by a
leapfrog scheme. A weak time filter is applied to remove the time-splitting instabil-
ity of the leapfrog method (Asselin, 1972). During the integration the time step is
adjusted so that it never exceeds one tenth of the allowed value due to the CFL
(Courant–Friedrichs–Lewy) and diffusion criteria. Incompressiblity is applied by
means of the Poisson equation for pressure, which is solved by an FFT method. Re-
cently the code has been parallelized, and the performance of the new parallellized
code is found to be excellent on an SGI/Cray-T3E with an almost linear speed-up
up to a very large number of processors (Raasch and Schröter, 2001).
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TABLE I
Parameters of large eddy simulations at t = t0 + 6000 s.

θ ′w′
0 Ug w∗ u∗ h

(K m s−1) (m s−1) (m s−1) (m s−1) (m)

A0 0.01 0.0 0.66 0.07 862.50
A1 0.01 5.0 0.66 0.27 862.50
A2 0.01 10.0 0.66 0.45 862.50
A3 0.01 15.0 0.66 0.62 881.25
B1 0.05 5.0 1.16 0.29 956.25
B2 0.05 10.0 1.16 0.45 956.25
B3 0.05 15.0 1.17 0.63 975.00
C0 0.24 0.0 2.13 0.21 1237.50
C1 0.24 5.0 2.12 0.34 1218.75
C2 0.24 10.0 2.12 0.53 1218.75
C3 0.24 15.0 2.14 0.69 1256.25
S 0.0 10.0 0.0 0.47 843.75

The model domain is 4 km × 2 km × 1.5 km along the x, y and z directions,
respectively. The number of the corresponding grid points is 80 × 80 × 80. During
all model runs the initial temperature stratification was neutral up to 800 m and
stable (0.01 K m−1) aloft, up to the top of the model domain, in order to allow
rapid growth of the convective boundary layer at the beginning of the simulation.
The boundary layer was heated by a constant uniform kinematic surface heat flux
w′θ ′

0. A constant large-scale pressure gradient corresponding to a geostrophic wind
in the x-direction Ug was applied. The Coriolis force corresponds to the latitude
of 40◦ N. The horizontal velocity fields were perturbed every minute by imposing
small random perturbations to initiate convection until the kinetic energy of the
disturbances reached the value of 0.01 m2 s−2.

A total of 12 simulations were carried out for the analysis; including 9 simu-
lations of the PBL with different values of (w′θ ′

0 = 0.01, 0.05 and 0.24 K m s−1)
and Ug (= 5, 10, 15 m s−1), free convection (w′θ ′

0 = 0.01 and 0.24 K m s−1-1, Ug =
0.0 ms−1), and the purely shear-driven boundary layer (w′θ ′

0 = 0.0 K m s−1, Ug =
10 m s−1). We list the parameters of each simulation in Table I.

In order to compare the results from the one-dimensional PBL models with the
LES data, the LES model was integrated first until satisfying t0 > 6τ ∗, where the
large-eddy turnover time τ ∗ is determined by h/w∗ (or h/u∗ in the purely shear-
driven boundary layer), since it is required to reach a statistically quasi-steady state
of the dynamic flow field (Moeng and Sullivan, 1994). In accordance with this we
integrated the LES model until t0 = 6000 s for w′θ ′

0 = 0.05 and 0.24 K m s−1, t0
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= 9000 s for w′θ ′
0 = 0.01 K m s−1, and t0 = 90000 s for the purely shear-driven

boundary layer. We regarded t0 as the starting time of the simulation for both the
LES and PBL models, and carried out the integration for another 6000 s. For the
initial conditions of the PBL models, such as the profiles of potential temperature
and velocity, we used the LES data at t = t0. An analysis of LES data, used in
Section 3, was also carried out using the data at the final time step (t = t0 + 6000 s).
The horizontal mean profiles from LES were obtained by averaging over a 600 s
period.

3. Modification of the TM Model

3.1. INCORPORATION OF ENTRAINMENT INTO THE HEAT FLUX PROFILE

If we define h as the height of the minimum heat flux in the conventional way, the
heat flux given by (1) and (2) disappears at z = h. It is equivalent to the heat flux
in the nonpenetrative convective boundary layer with a solid lid. In this case, the
heat flux profile requires an additional contribution from the entrainment at the top
of the PBL.

Sorbjan (1996) compared the heat fluxes between the penetrative and nonpen-
etrative convective boundary layer, and found that the difference between the heat
fluxes decreases continuously with the distance from the inversion layer. Its mono-
tonic decrease, regardless of the temperature gradient, suggests that the downward
heat transfer from the inversion layer must be also parameterized by non-local
mixing.

Therefore, we propose the addition of the contribution of the heat flux owing to
the entrainment at the top of the PBL into the original heat flux profile in the TM
model in the following way:

−w′θ ′ = Kh

(

∂θ

∂z
− γh

)

− w′θ ′
h

( z

h

)n

. (16)

Here we obtained the empirical constant n as n = 3 based on the comparison
between the model results and LES data, but the results were found to be highly
insensitive to the choice of n. For example, the simulations with substantially
different values of n, such as n = 1 or 5, also give similar results, because the
contribution of the new term is negligible except near the top of the PBL. The K-
profile used in (16) is the same as in the TM model. The parameterization of w′θ ′

h

will be discussed in the next section.
To complete the heat flux profile we also need to parameterize the heat flux

above the top of the PBL (z > h). The inversion layer is stably stratified, and thus
we can assume that the heat transfer occurs only by local mixing. On the other
hand, from the analysis of LES data, we found that the TKE level in the inversion
layer is much larger than that expected from the local wind shear production, which
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renders the Louis scheme (1979) irrelevant here. So we can conjecture that it is
controlled by the TKE transfer from the impinging thermals.

According to Deardorff et al. (1980), the thickness of the entrainment zone, δ,
can be estimated as

δ/h = d1 + d2Ri−1
∗ , (17)

where Ri∗(= (g/T0)h)θ/w2
∗) is the convective Richardson number, and d1 and

d2 are constants. In the presence of shear, we can generalize w∗ in Ri∗ to wm(=
(w3

∗ +Bu3
∗)

1/3), which is the velocity scale for the entrainment (see the next section
for its meaning).

Therefore, we propose to represent the heat flux at z > h as

−w′θ ′ = Kh

∂θ

∂z
(18)

with

Kh = −w′θ ′
h

(∂θ/∂z)h

exp
[

−(z − h)2

δ2

]

. (19)

In (19) we determine the magnitude of Kh so as to match with the heat flux by
entrainment at z = h. We could obtain the empirical constants as d1 = 0.02 and
d2 = 0.05 from the comparison of the model results and the LES data. It is also
important to note that the non-local mixing is still present above the inversion layer
in the TM model.

Finally, we would like to mention that Lock et al. (2000) and Holtslag and
Moeng (1991) attempted to incorporate the effects of entrainment by modifying
the K-profile itself. For example, Lock et al. (2000) suggested a modification of
the K-profile that corresponds to

Kh = Pr−1kwsz
(

1 − R
z

h

)2
, (20)

where R is determined by matching the value obtained from (20) to −w′θ ′
h (or

−u′w′
h for the case of Km). However, not only it is very complicated to relate R

to −w′θ ′
h (or −u′w′

h) in (20), but also it does not appear natural that R must be
different for Km and Kh.

3.2. DETERMINATION OF THE ENTRAINMENT RATE

The new model represents the entrainment rate explicitly in the heat flux profile,
so it requires the information about its value.

There have been numerous investigations to predict the entrainment rate or
the heat flux at the inversion layer (Ball, 1960; Stull, 1976; Deardorff, 1979;
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Driedonks, 1982; van Zanten et al., 1999; Lock, 1998; Moeng and Sullivan, 1994;
Zeman and Tennekes, 1977).

For example, the heat flux at the inversion layer w′θ ′
h in the free convection is

usually estimated by

w′θ ′
h

w′θ ′
0

= −AR (21)

or

w′θ ′
h = −Aw3

∗/h (22)

and the appropriate value for AR(= (g/T0)A) is suggested to be in the range
between 0.1 and 0.3 (Ball, 1960).

Meanwhile, in the presence of shear, Moeng and Sullivan (1994) and Driedonks
(1982) extended the above formula to

w′θ ′
h = −Aw3

m/h, (23)

where

w3
m = w3

∗ + Bu3
∗ (24)

with the suggested value B = 5 (Moeng and Sullivan, 1994) or B = 25 (Driedonks,
1982). Note that the velocity scale ws cannot be applied here, because the efficiency
of entrainment is different between shear-driven and convective turbulence.

We evaluated the above formula ((23) and (24)) using the LES data (Figure
4). To obtain Figure 4, we assumed the value of h as the height of the minimum
heat flux w′θ ′

h in the heat flux profile. We found that the relation (23) is satisfied
reasonably with B = 5, consistent with Moeng and Sullivan (1994). We also found
the optimal value for A as A ≃ 4.5 (or AR ≃ 0.15).

3.3. VERTICAL VARIATION OF THE VERTICAL VELOCITY SCALE AND THE

PRANTDL NUMBER

One important implication of the TM model is that the velocity scale ws , which
is determined at the top of the surface layer (z = 0.1h), should remain invariant
throughout the boundary layer. Meanwhile, it is well known that the turbulence
production by shear is limited to the region close to the surface, while that by
buoyancy extends through to the whole boundary-layer height (Moeng and Sulli-
van, 1994; Stull, 1988; Lenschow et al., 1980). The turbulence in the convective
boundary layer is increasingly dominated by convection with increasing z and thus
the relative contribution of the convective velocity scale w∗ in ws0 should increase
with z. It is also noted that the K-profile in the TM model, determined by (2) and
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(9), does not obey the free convection limit, Kh ∝ z4/3 for z ≪ h (Panofsky and
Dutton, 1984), as mentioned earlier.

Therefore, we suggest a modified form of the velocity scale ws as,

ws = (u3
∗ + 7kw3

∗z/h)1/3. (25)

The velocity scale given by (25) coincides with (3) at the top of the surface layer,
that is, ws = ws0 at z = εh, but the contribution of w∗ increases with z. In this
case the K-profile approaches the eddy diffusivity in the free convection, when
7kw3

∗z/h ≫ u3
∗; that is,

Kh = Ckw∗h
( z

h

)4/3 (

1 − z

h

)2
, (26)

where Ck = Pr−1k(7k)1/3 ≃ 1.
Likewise, the TM model also assumes that the Prandtl number, which is determ-

ined by the stability at the top of the surface layer (z = εh), remains invariant with
height. Nevertheless, the stability of the convective boundary layer itself changes
from unstable near the surface layer to stable at the upper boundary. Accordingly,
the Prandtl number is also expected to vary within the PBL.

Therefore, we suggest that the Prandtl number also varies within the boundary
layer according to the local stability, and has a presumed profile shape, similar to
the case of eddy diffusivity. The profile of the Prandtl number is proposed to vary
as

Pr = 1 + (P r0 − 1) exp[−α(z − εh)2/h2], (27)

where Pr0 is the Prandtl number at the top of the surface layer given by (15) and α
is an empirical constant. The profile given by (27) implies that the Prandtl number,
which has the same value as in the TM model at z = εh, increases continuously,
approaching a typical value for weak stratification near the top of the boundary
layer, such as Pr ≃ 1 (Deardorff, 1980; Wittich and Roth, 1984). The appropriate
value of α was found to be α ≃ 3 by matching the heat flux profiles from the new
PBL model with LES data. Note that the Equation (15), to determine the Prandtl
number in the surface layer, also increases from 0.26 in free convection to 1.0 in
the neutrally stable surface layer with b0 = 0.

3.4. DETERMINATION OF THE COUNTERGRADIENT TERM

In the TM model the countergradient term is estimated by (10) with b0 = 6.5.
However, in the present model the velocity scale is no longer constant, but varies
with height. Accordingly, we need to modify the relation (10) to

γh = b
w′θ ′

0

ws(h/2)h
. (28)
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Figure 1. Variation of the entrainment rate scaled by w3∗ +Bu3∗ with −L/h; △: w′θ ′
0 = 0.01 m s−1K,

!: w′θ ′
0 = 0.05 m s−1K, !: w′θ ′

0 = 0.24 m s−1K (open symbols: B = 25, closed symbols: B = 5).
Here we do not include the case S, in which the contribution of the subgrid scale heat flux becomes
larger than 20%.

Figure 2 compares the evaluated values of b0 in (10) for the case of the TM model
and of b in the new model, and their variations with −L/h. Here the values of γh

are evaluated from the heat flux profiles from LES at the height z∗ where ∂θ/∂z =
0, using the relation (1) or (16). Similar values are obtained in both cases, although
they are slightly larger in the new model. The magnitude of b0 is also in agreement
with the value suggested by in the TM model as b0 = 6.5. Although b is slightly
larger than b0, we still used b = 6.5 to obtain the heat flux profiles in Figure 2, since
its effect is insignificant. In this way, we can examine the effects of the modified
K-profile more clearly.

Considering the above evaluation, it is more consistent to use the value of ws at
z = z∗ rather than that at z = h/2. However, we use the value at z = h/2, because
it is much simpler to execute in the model. For practical purposes this makes hardly
any difference, since ws varies very slowly in the middle of the PBL.

3.5. DETERMINATION OF THE PBL HEIGHT

Contrary to the TM model, the growth of the boundary-layer height, h, is controlled
basically by the vertical mixing process, such as (16), in the new PBL model.
Nonetheless, information on the PBL height is still required to determine the profile
of Kh and the velocity scale ws . For this purpose, however, it suffices to estimate h
diagnostically from the profiles of mean potential temperature.
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Figure 2. Variation of the coefficient of the countergradient term with −L/h; ♦: w′θ ′
0 = 0.0 m s−1K,

△: w′θ ′
0 = 0.01 m s−1K,!: w′θ ′

0 = 0.05 m s−1K, !: w′θ ′
0 = 0.24 m s−1K (open symbols: TM model

(b0), closed symbols: New model (b)). In the TM model, h is determined by the height at which the
magnitude of the heat flux decreases to one tenth of that of the minimum heat flux at the inversion
layer.

For example, Ayotte et al. (1996) suggested a method to estimate h from the
potential temperature profile as

θ(h) ≥ 1
h

∫ h

0
θ(z)dz + θM0. (29)

As a simpler method, we define h according to the following definition

θ(h) = θ(h/2) + θM. (30)

Although θM0 is assumed constant in Ayotte et al. (1996), we found from the
comparison with the LES data that the value of θM is given by

θM = bθ

w′θ ′
h

ws(h/2)
. (31)

The relation (31) implies that the temperature gradient in the upper boundary layer
depends on how much warmer air is entrained across the inversion layer and how
fast it is mixed within the boundary layer by the turbulence with the velocity scale
ws .
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Figure 3. Variation of the potential temperature difference scaled by w′θ ′
h/ws(h/2) with −L/h; ♦:

w′θ ′
0 = 0.0 m s−1K, △: w′θ ′

0 = 0.01 m s−1K,!: w′θ ′
0 = 0.05 m s−1K, !: w′θ ′

0 = 0.24 m s−1K (open

symbols: θM0 = θ(h) −
∫ h

0 θ(z)dz/h, closed symbols: θM = θ(h) − θ(h/2)).

Figure 4. Variation of the coefficient of the countergradient term for momentum flux with −L/h; ♦:
w′θ ′

0 = 0.0 m s−1K, △: w′θ ′
0 = 0.01 m s−1K,!: w′θ ′

0 = 0.05 m s−1K, !: w′θ ′
0 = 0.24 m s−1K (open

symbols: Sm0 (Frech and Mahrt, 1995), closed symbols: Sm (Brown and Grant, 1997)).
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Figure 3 shows the values of θM0 and θM , scaled by (31), which are obtained
from (29) and (30) using the mean potential profiles from LES. Both results support
the scaling given by (31). Based on the results shown in Figure 3, we suggest the
empirical constant as bθ ≃ 46. Because the potential temperature increases rapidly
at the inversion layer, the calculated value of h is insensitive to the value of bθ .

It is important, however, to note that there exists an important conceptual dif-
ference in the determination of h here and from (14) in the TM model. In the TM
model, it is a dynamical process to predict the growth of h by (11), in which the
boundary layer is assumed to grow to satisfy the local stability criterion at the
inversion layer. On the other hand, in the new model it is merely to locate h, once
the boundary-layer growth is accomplished by the heat transfer according to (16).
Moreover, h represents the height of the minimum heat flux in the new model
unlike the TM model.

3.6. DETERMINATION OF THE NON-LOCAL MIXING FOR MOMENTUM

We include the non-local momentum mixing in the new model, following the
suggestion by Frech and Mahrt (1995) and Brown and Grant (1997).

Frech and Mahrt (1995) proposed the parameterization of the non-local flux of
momentum as

γm = −Sm0
u2

∗
ws0h

(

w∗
u∗

)m
)u

[()u)2 + ()v)2]1/2
, (32)

with m = 3, where )u and )v are the changes in u and v between the top of the
surface layer and the model level just below h, and Sm0 is a proportional coefficient.
Since )u ≫ )v in the present simulations, (32) can become

γm = −Sm0
u2

∗
wsh

(

w∗
u∗

)m

. (33)

Meanwhile, Brown and Grant (1997) suggest that u∗ is better replaced by ws in the
(w∗/u∗)m factor, i.e.,

γm = −Sm

u2
∗

wsh

(

w∗
ws

)m

. (34)

We evaluated the amount of non-local mixing of momentum from the LES
data. Because ∂u/∂z becomes zero at two different heights, contrary to the case of
∂θ/∂z, we calculated γm by averaging the values obtained over the whole boundary
layer, that is,

γm = 1
zt − zb

∫ zt

zb

−u′w′ − Km∂u/∂z

Km

dz. (35)
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Here the integration range was given by zb = 0.1h and zt = 0.9h.
Analysis of the LES data supports the formula (34) by Brown and Grant (1997).

For the evaluation of the right hand side of (33) and (34) we used the value of ws

at z = h/2. We also found that the values of Sm are not sensitive to the value of
m, since w∗/ws ≃ 1 in most cases. We employ the parameterization of (34) with
Sm ≃ 15.9 in the model.

As in the case of heat flux profile, we also included the effects of the entrainment
at the inversion layer in the momentum flux profile as

−u′w′ = Km

(

∂u

∂z
− γm

)

− u′w′
h

( z

h

)n

(36)

for z < h, where the same empirical constant n = 3 is used as in the heat flux
profile (16). The parameterization of (u′w′)h in (36) will be discussed in the next
section.

For z > h, we need the momentum flux to decrease exponentially with z over
the distance δ, similar to (18) and (19); that is

−u′w′ = Km

∂u

∂z
(37)

with

Km = −u′w′
h

(∂u/∂z)h
exp

[

−(z − h)2

δ2

]

. (38)

3.7. DETERMINATION OF MOMENTUM FLUX AT THE INVERSION LAYER

Because both the heat and momentum fluxes at the inversion layer are generated
by the same mechanism, i.e., entrainment, we expect that they should be closely
related. Therefore, we suggest that

(w′θ ′)h

(u′w′)h

= Ch

)θh

)uh

(39)

where )θh and )uh are the changes of potential temperature and velocity across
the inversion layer; for example, )θh = θ(h+δ)−θ(h) and )uh = u(h+δ)−u(h).
The LES data also support the above relation with Ch ≃ 0.5 (Figure 5). Therefore,
the relation (40) will be used in the model to calculate (u′w′)h, once (w′θ ′)h is
obtained from (23).
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Figure 5. Relation between the heat flux and momentum flux at the inversion layer given by (40); #:
w′θ ′

0 = 0.01 m s−1K, ": w′θ ′
0 = 0.05 m s−1K, $: w′θ ′

0 = 0.24 m s−1K.

4. Comparison of the PBL Model Results with the LES Data

4.1. EXPERIMENTS

We developed one-dimensional codes of both the new PBL model and the TM
model, and examined the performance of the PBL models in comparison with the
LES data. The basic features of the new PBL model are listed in comparison with
the TM model in Table II. Hereafter we call the new PBL model and the TM model
as NEW and TM. The vertical grid size of the PBL models was set the same as that
of the LES model. Monin–Obukhov similarity is assumed between the surface and
the first computational grid in the same way as in the LES model. We did not apply
the Louis scheme (1979) in the free atmosphere, however, unlike the case of the
actual implementation (Hong and Pan, 1996), because we want to concentrate on
the performance of the PBL models exclusively.

Further, we investigated how the PBL model is affected by each of the three
modifications made; that is, the explicit representation of the entrainment rate in the
heat and momentum flux profiles, the inclusion of non-local momentum mixing,
and the vertically varying Prandtl number and velocity scale. For this purpose, we
modified the new PBL model in two ways. The first modified model has constant
Pr0 and ws0 instead of the vertically varying Pr and ws , which we will call NEW0.
The second modified model (NEW1) is the same NEW0 except that the non-local
mixing of momentum is neglected. Further, the model NEW1 and the TM model
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TABLE II
Comparison of the TM model and the new model.

TM model New model

• heat flux profile
(i) z < h

−w′θ ′ = Kh

(

∂θ

∂z
− γh

)

γh = b0
w′θ ′

0
ws0h

(ii) z > h
not defined

– h is above the height of the minimum heat
flux here

(i) z < h

−w′θ ′ = Kh

(

∂θ

∂z
− γh

)

− w′θ ′
h

( z

h

)3

γh = b
w′θ ′

0
ws(h/2)h

(ii) z > h

−w′θ ′ = Kh
∂θ

∂z

Kh =
−w′θ ′

h

(∂θ/∂z)h
exp

[

− (z − h)2

δ2

]

(δ = 0.02h + 0.05w2
m/)b)

* w′θ ′
h = −Aw3

m/h, (w3
m = w3∗ + 5u3∗)

– h is the height of minimum heat flux

• determination of h

h = Rib
T0|U(h)|2

g(θv(h) − θs )
, (Rib = 0.5)

θ(h) = θ(z∗) + θM

θM = bθw′θ ′/ws, (bθ = 46)

• K-profile
Kh = Pr−1

0 kws0z(1 − z/h)2 Kh = Pr−1kwsz(1 − z/h)2

• velocity scale
ws0 = (u3∗ + 7εkw3∗)1/3, (ε = 0.1) ws = (u3∗ + 7kw3∗z/h)1/3

• Prandtl number
Pr0 = φh/φm + b0εk P r = 1 + (P r0 − 1)e−α(z−εh)2

/h2, (α = 3)

• momentum flux profile
(i) z < h,

−u′w′ = Km
∂u

∂z

(i) z < h,

−u′w′ = Km

(

∂u

∂z
− γm

)

− u′w′
h

( z

h

)3

γm = −Sm
u2∗

wsh

(

w∗
ws

)3
, (Sm = 15.9)

(ii) z > h,
not defined (ii) z > h,

−u′w′ = Km
∂u

∂z

Km =
−u′w′

h

(∂u/∂z)h
exp

[

− (z − h)2

δ2

]

∗
w′θ ′

h

u′w′
h

= Ch
)θh

)uh
, (Ch = 0.5)
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are different only in the explicit representation of the entrainment rate in the heat
and momentum flux profiles.

4.2. COMPARISON OF PROFILES

Figures 6, 7 and 8 compare the profiles of potential temperature, heat flux, and
mean velocity at t = t0 + 6000 s from LES, the TM model, and the new PBL
model. Initial profiles at t = t0 are also shown. Profiles are shown for three typical
cases; free convection (C0, w′θ ′

0 = 0.24 K m s−1, Ug = 0 m s−1), the PBL affected
by strong shear (A3, w′θ ′

0 = 0.01 K m s−1, Ug = 15 m s−1), and an intermediate one
(B2, w′θ ′

0 = 0.05 K m s−1, Ug = 10 m s−1).
The profiles of potential temperature show that the PBL grows too fast in the

PBL with strong shear (A3) and too slow in the free convection case (C0) in the
TM model (Figure 6). Besides, it is found that the potential temperature in the free
convection case (C0) from the TM model is not sufficiently mixed compared to the
LES data, thus showing weak stable stratification throughout the PBL.

Moreover, a substantial disagreement between the LES data and the TM model
results is observed in the heat flux profiles (Figure 7). The TM model seriously
overestimates the negative heat flux at the inversion layer in the PBL with strong
shear (A3), and it underestimates it in the free convection (C0). This clearly indic-
ates that the TM model is not adequate to predict the heat flux. Besides the TM
model produces too strong shear in the PBL, as expected from the absence of the
non-local momentum mixing (Figure 8).

On the other hand, the new PBL model is able to reproduce profiles that are
in much better agreement with the LES data, although that the mean velocity is
somewhat weaker and the minimum heat flux in case A3 is slightly overestimated.

4.3. PREDICTION OF THE PBL HEIGHT

We compared the PBL height from the PBL models and the LES data, as it is
the most important element of the PBL prediction. For the consistent evaluation
of the PBL height, we located the position of the minimum heat flux in the heat
flux profile, such as Figure 7, instead of using the parameter h used in the PBL
models. Figure 9 compared the PBL heights from LES and PBL models under
various conditions of the PBL (see Table 1). As expected from Figure 6, the TM
model overestimates the PBL height as the shear becomes stronger in the PBL,
and underestimates it as it approaches free convection. This result is in general
agreement with the evaluation by Ayotte et al. (1996).

The TM model assumes that the PBL grows by adjusting h at each time step
so as to keep the bulk Richardson number Rib, defined by (11), constant. The
investigation of LES results reveals, however, that Rib does not remain constant
at the inversion layer, but decreases with increasing shear (Figure 10). This means
that the corresponding critical Rib should be smaller in the shear-dominated PBL,
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Figure 6. The profiles of potential temperature at t = t0 + 6000 s (Thin solid lines are LES results,
thick solid lines are from the new PBL model, and dashed lines are from the TM model.) Initial
profiles at t = t0 are also shown (dotted lines); (a) A3 (w′θ ′

0 = 0.01 K m s−1, Ug = 15 m s−1), (b)

B2 (w′θ ′
0 = 0.05 K m s−1, Ug = 10 m s−1), (c) C0 (w′θ ′

0 = 0.24 K m s−1, Ug = 0 m s−1).

and larger in the convection-dominated PBL. It is also worthwhile to mention
that the prediction of the growth of the PBL based on local instability is found
to be useful usually in the stable boundary layer (Mahrt et al., 1979; Wetzel, 1982;
Vogelezang and Holtslag, 1996). Accordingly, we can expect from Figure 10 that
the contribution of the second term in the right hand side of (14) is overestimated
in the shear-dominated PBL and underestimated in the convection-dominated PBL,
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Figure 7. The profiles of heat flux (units of K m s−1) at t = t0 + 6000 s (Thin solid lines are LES
results, thick solid lines are from the new PBL model, and dashed lines are from the TM model.)
Initial profiles at t = t0 are also shown (dotted lines); (a) A3, (b) B2, (c) C0.

which leads to the overestimation and underestimation of h, respectively, in the TM
model, as shown in Figure 9.

This improper estimation of h is also reflected in the heat flux profiles shown
in Figure 7. In free convection, h happens to be located too close to the top of the
PBL, so that the value of heat flux at the inversion layer approaches zero according
to (2). On the other hand, in the shear-dominated PBL, h happens to be located
higher than the top of the PBL, so that the combination of the strong stratification
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Figure 8. The profiles of mean velocity in the x-direction at t = t0 + 6000 s (Thin solid lines are LES
results, thick solid lines are from the new PBL model, and dashed lines are from the TM model.)
Initial profiles at t = t0 are also shown (dotted lines); (a) A3, (b) B2.

Figure 9. The comparison of the PBL height prediction at t = t0 + 6000 s; ": LES, !, new PBL
model, △: TM model. See Table I for details of cases (S, A0, etc.).

at the inversion layer and the large value of Kh there produces an excessively large
negative heat flux at the inversion layer.

Much improvement is obtained from the new PBL model (Figure 9). The PBL
heights from the new PBL model do not show any tendency depending on the
characteristics of the PBL unlike the TM model, although the PBL heights tend
to be slightly lower than the LES data. We also found that closer agreement with
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Figure 10. Variation of the bulk Richardson number at the inversion layer. Here h is determined by
the height at which the magnitude of the heat flux decreases to one tenth of that of the minimum heat
flux at the inversion layer.

the LES data is obtained when the resolution of the PBL model increases. It is
interesting to note that the PBL height obtained from LES does not increase and
even decrease when the shear is weak (Ug = 5 m s−1). This might be caused by the
weakening of the large-scale convective eddies, which plays an important role in
the entrainment, in the presence of the background wind. This effect is not usually
taken into account in the PBL models.

4.4. SENSITIVITY OF EACH MODIFICATION IN THE NEW PBL MODEL

Figures 11, 12 and 13 compare the results of profiles from the PBL models, NEW,
NEW0, and NEW1, for the same cases as in Figures 6, 7 and 8. The profiles from
the three models are almost indistinguishable from each other except at a few
points. The neglect of the non-local momentum mixing in NEW1 gives stronger
shear in the mean velocity profile, as in the case of the TM model (Figure 8).
Constant values of ws and Pr are also found to lead to weak stable stratification
throughout the boundary layer in free convection, also as in the case of the TM
model (Figure 6). Meanwhile, these modifications hardly affect the heat flux profile
and the growth of the PBL height.

According to (27), Pr increases slowly with z within the PBL. On the other
hand, ws , given by (25), also increases slowly with z, and thus cancels out the
variation of Pr−1 in the calculation of Kh (=Pr−1kwsz(1 − z/h)2). As a result,
Kh in the new PBL model remains comparable to the case of the TM model. For
example, in free convection, where the vertical variations of ws and Pr are the
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Figure 11. The profiles of potential temperature at t = 6000 s (Solid lines are from the new PBL
model (NEW), dashed lines are from NEW0, and dotted lines are from NEW1.) (The results from
NEW0 and NEW1 are overlapped.) (a) A3, (b) B2, (c) C0. When the results from NEW0 and NEW1
coincide, they appear as a dot-dashed line, as in (c), and when all three results coincide, they appear
as one solid line, as in (a) and (b).

greatest, Pr/P r0 increases from 1 to 3.8 and ws/ws0 increases from 1 to 2.1. The
variations are much less in other cases.

The influence of non-local momentum mixing is also insignificant, because the
entrainment is dominated by convective eddies in most cases, so the difference in
the intensity of shear in the PBL does not affect the results very much. On the
other hand, if the PBL becomes dominated by shear, the difference between the
cases with and without non-local momentum mixing becomes smaller.
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Figure 12. The profiles of heat flux (units of K m s−1) at t = 6000 s (Solid lines are from the new
PBL model (NEW), dashed lines are from NEW0, and dotted lines are from NEW1.) (The results
from NEW0 and NEW1 are overlapped.) (a) A3, (b) B2, (c) C0. When the results from NEW0 and
NEW1 coincide, they appear as a dot-dashed line.

From this result, we can infer that the most important element for the improve-
ment in the prediction of the growth of the PBL height is the explicit representation
of the entrainment rate in the heat and momentum flux profiles.
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Figure 13. The profiles of mean velocity in the x-direction at t = 6000 s (Solid lines are from the new
PBL model (NEW), dashed lines are from NEW0, and dotted lines are from NEW1.) (a) A3, (b) B2.

5. Summary

We suggest an improvement of the K-profile model of Troen and Mahrt (1986),
based on the analysis of LES data and on the consistency with theoretical char-
acteristics of the PBL. The new model involves three major modifications of the
TM model; that is, the explicit representation of the entrainment rate in the heat
and momentum flux profiles, the inclusion of non-local momentum mixing, and
the vertically varying Prandtl number and velocity scale. The comparison between
the TM model and the new PBL model is summarized in Table II.

The results from both the new PBL model and the TM model were compared
with LES data. The growth of the PBL height in the TM model was found to be
too strong in the PBL with strong shear and too weak in the convection-dominated
PBL. Moreover, inadequate prediction of the PBL height causes the TM model to
give unrealistic heat flux profiles in the corresponding cases. Too strong shear in the
velocity profile and weak stable stratification throughout the boundary layer were
observed in the TM model. These situations are significantly improved in the new
PBL model. We also investigated how each of the three factors affects the results.
We found that the explicit representation of the entrainment rate is the most critical
for the improvement, whereas the effects of the other factors, the inclusion of non-
local momentum mixing, and the vertically varying Prandtl number and velocity
scale, are insignificant.
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