
Frames of  Reference and the Total Derivative 

• The equations that express the basic conservation laws 
    of  atmospheric dynamics (conservation of  mass, 
    momentum, and energy) are usually derived 
    considering an infinitesimal volume of  air like 
    you may have done when deriving the hydrostatic 
    relationship or thinking about adiabatic processes. 



• We may consider this volume in one of  two ways: 
 

     1) The three-dimensional volume (usually a cube) can 
            be considered fixed in space.  This frame of  
   reference is called the Eulerian frame and the rate of  
   change of  mass or energy in the volume is due to the 
            motion of  air through the boundaries of  the cube. 
 

     2) The volume can freely move with the motion of  the 
   air, always consisting of  the same mass of  “tagged” 
            air molecules.  This is called the Lagrangian frame 
            of  reference. 
 

~~~ Consider the OCEAN example on the next page! ~~~ 





• Both frames have their advantages and significant place 
    in dynamics, and thus we want to find a mathematical 
    expression relating the two frames; i.e., an equation 
    relating the rate of  change of  a variable (Θ for example) 
    following the motion to the rate of  change at a point. 

• The rate of  change following the motion (Lagrangian 
    frame) is called the substantial, material, or total 
    derivative and is noted D / Dt or d / dt. 

• The rate of  change at a fixed point (Eulerian frame) is 
    called the local derivative and is noted          (the partial 
    derivative). 

• Consider an air parcel with Θ = Θ (x0, y0, z0, t0) and note 
    how Θ changes as the parcel moves to a new point  
    x = x0 + dx, y = y0 + dy, and z = z0 + dz at t = t0 + dt.  
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• The change in Θ following the motion between the two 
    points is 

 
• Dividing through by dt we have 
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This is the change 
in Θ following the 
motion 
(Lagrangian). 

This is the 
local 
(Eulerian) 
time rate of  
change. 

These terms are the 
movement of  the 
parcel over a span of  
time, i.e., the u, v, 
and w components of  
the wind. 



• With these realizations, we may rewrite the equation as 

 
• We also recognize that                        ,                                    , 
 

    and recall                                   , so that we may write: 

 
• This equation says that the total change of  Θ following 
    the motion is equal to the local rate of  change of  Θ (like 
    heating from the sun rising) plus the              term which 
    is advection, the change in Θ owing to the motion of  the 
    air. 
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• We usually rewrite the equation to have the local change 
    (what we actually measure at fixed locations like the 
    thermometer at KALB) on the left hand side, such that 

 
• Now taking a closer look at the advection term, recall 
    from our vector review that 

  

• With this in mind, consider the following figures: 
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• In all panels, the ∇T points down (to the south), towards 
   warmer temperatures. 

• Thus, in Figures A and B, the southerly winds (v > 0; 
    perpendicular to the isotherms) are blowing warm air 
    northward.  This is called warm air advection. 

• In Figure C, the winds are blowing parallel to the 
    isotherms and thus there is no advection. 

• Does this make sense in terms of  our equation?  
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• Yes!  In A and B, the angle between the winds and the 
    ∇T is 180º.  Thus 

 

    and the warm air advection contributes positively to 
    the local temperature change! 

 

 
 

 

• In Figure C, the angle between the winds and the 
    ∇T is 90º.  Thus 

 

    and there is no local temperature change due to 
    advection. 
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