Lectures 19-20: Dynamics of Aerosol

Populations - Coagulation



Quick review: Dynamics of single aerosol particles (Lectures 6-7)
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FIGURE 9.11 A two-dimensional projection of the path of (a) an air molecule and (b) the center
of a 1-pm particle. Also shown is the apparent mean free path of the particle.

_ (SkT )”2
Cp = | —
P T, 2 C. [pkT D,
D=1¢c,, O 3
kTC. C.: slip correction factor

" 3npu D, (noncontinuum effects)



Motion of particle in gas medium

mpdt_ZF



Motion of particle in gas medium

GRAVITATIONAL SETTLING OF AN AEROSOL PARTICLE

in a fluid with velocity u

Mp %;— = m,g BHgCDP (u —v) for Re < 0.1

TABLE 9.4 Characteristic Time Required

for Reaching Terminal Settling Velocity

Iy D,, ym T, §
T =gt Uy 0.05 4 % 10-8
0.1 9.2 x 107"
0.5 | x 1076
1.0 3.6 x 107°
- ompG 5.0 7.9 x 1073
" T 3uD, 10.0 3.14 x 107
30.0 7.7 x 1073

is the characteristic relaxation time of the particle.



Motion of a Charged Particle in an Electric Field

dv  3muD,

— = — E
mp T C. (u—v)+g

At steady state in the absence of a background fluid velocity, the particle velocity is such
that the electrical force is balanced by the drag force and

qCe

= E
3ruD,

Ve

where v, is termed the electrical migration velocity.

qC.

Defining the electrical mobility of a charged particle B,as B, = -———
3D,

v, = B.E



BROWNIAN MOTION OF AEROSOL PARTICLES

Langevin equation

dv 3ruD,
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The random acceleration a is a discontinuous
d i term, since it represents the random force
v L exerted by the suspending fluid molecules that
E - ;‘T +a imparts an irregular, jerky motion to the particle.
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Quick review: Mass transport to or from atmospheric particles :
Condensation and Evaporation (Lecture 12)

Knudsen number:
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FIGURE 9.1 Schematic of the three regimes of suspending fluid—particle interactions: (a)
continnum regime (Kn — 0), (b) free molecule (kinetic) regime (Kn — oc), and (c) transition
regime (Kn ~ 1).



A mass balance on the growing or evaporating particle is
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FIGURE 12.1 Growth of aerosol particles of different initial radii as a function of time for a
constant concentration gradient of 1 pg m™* between the aerosol and gas phases (D, = 0.1cm?s™,

P, = lgem™).



Coagulation: Particle-particle interaction

Aerosol particles suspended in a fluid may come into contact because of their Brownian
motion or as a result of their motion produced by hydrodynamic, electrical, gravitational,
or other forces. Brownian coagulation is often referred to as thermal coagulation.



Continuum Regime

the steady-state coagulation rate (cm ~* s~! ) between #1 and #2 particles is

J12 = Zﬂ(Dpl + Dpz)(Dl +D2)N1N2

J12 = K12N 1Ny

Ky =2n(Dp1 + Dp2)(Dy + Dy)

D — kT
f 37f[LDpf
2kT (Dp1 + Dp2)?
Ky =

3[1, Dpleg



Transition and Free Molecular Regime

Diffusion equations cannot describe the motion of particles inside a layer of thickness
A, adjacent to an absorbing wall:

K2 = 27Dy + D)D) + D)8

Fuchs:
6 _ Dpl + DpZ + S(D] -+ Dg)
Dpi + Dp2 +2(87 + 85" (@ +E)VAD,) + D,yp)
- Kn; = 2D)¥ai‘r
()"
=357 [(Dyi + £)° = (D2, + £1)*?] - D,

kT (5 +4Kn; + 6Kn? + 18Kn}
3nuDpi \ 5~ Kn; + 8+ m)Kn?

i



Dahneke:

_ 1+ Knp
14+2Knp(1 + Knp)

Pp

2(Dy + Dy)

KI’ID -
C[gRP

Rp = Rpl + sz and Clp = (C% + C%)I/2

Difference between P derived by Fuchs and Dahneke is less than 4%.
Kn— 0, =1

Kn — o0 Kl2 — N(Rpl + Rp2)2(512 + 52)1/2



TABLE 13.2 Coagulation Coefficients of Monodisperse

Aerosols in Air¢ B=1

D,, pm Kﬂ.‘{mj g 14 K, cm’s1?
0.002 690 x 10717 89 x 10-1°
0.004 340 x 107 1° 13 x 10°10
0.01 140 x 10~1 19 x 10~10
0.02 72x 1071 24 x 1071
0.04 38 x 1071 23 x 10710
0.1 18 x 101 15 % 10710
0.2 11 x 1071 11 x 10710
0.4 8.6 x 10~10 8.2 x 10710
1.0 7.0 x 10710 6.9 x 1071
2.0 6.5 x 10719 6.4 x 10710
4.0 6.3 x 101 6.2 x 10710

“Coagulation coefficient neglecting kinetic effects.

?Coagulation coefficient including the kinetic correction,

“Parameter values given in Figure 13.5.



TABLE 13.3 Coagulation Coefficients (cms ') of Atmospheric Particles®

Dpl (Hﬂ'l)

D,z pm 0.002 0.01 0.1 1.0 10 20
0002 89x10" 57x10° 34 %1077 78x10% 85x1073 17 x 10-3
0.01 57 x 10°° 1010710 25x10°% 34x1077 35x10°® 70x10°
0.1 34 x 1077 25x 1078 1I5x 107" 50x107? 45x107% 90x10°®
1 TEXx 107"  34x1007  50x107? 69%x107" 21x107% 39x10°

10 85 x 1075 35%10°% 45x107% 21 x10? 61x107"" 6.8 x10-10

20 17x107%  7.0x10%  90x10% 39x10° 68x107'" 6.0x 10710

“Parameter values given in Figure 13.5.

Questions:

Lifetime of particles due to coagulation for particles of
different concentrations and sizes?
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FIGURE 13.5 Brownian coagulation coefficient K; for coagulation in air at 25°C of particles of . 3kT 172 D22
diameters D) and D,;. The curves were calculated using the correlation of Fuchs in Table 13.1. To lim X 12 = P
use this figure, find the smaller of the two particles as the abscissa and then locate the line Dyr>> Dy, pp D3/ 2
corresponding to the larger particle. Pl

What’s the collision coefficient of H2SO4 molecules?
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FIGURE 13.A.1 Schematic illustrating collisions of particles in shear flow.

Coagulation in Turbulent Flow
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FIGURE 13.A.2 Comparison between coagulation mechanisms for a particle of 1 pm radius as a
function of the particle radius of the second interacting particle.



Dynamics of Aerosol Populations

Discrete Distribution

N, (t) as the number concentration (cm ~>) of particles containing & monomers

Continuous Distribution

continuous size distribution function n(v, )(um= cm™?):

number of particles per cubic centimeter having volumes in the range from v to v + dv.

o0
N(t) = / n(v, ) dv
0
The mass of a particle, m, or the diameter, D,, can also be used as the independent vari-
able for the mathematical description of the aerosol distribution.

concentration of particles dN in the size range R, to R, +dR, is given by

dN =ng(R,,1) dR,



Coagulation

Discrete coagulation equation

o

AN(D) 1 &

1
dt 2

o |
Kf,k—.fN.ka—.f - Ne ) Ki;N;, k=2
j=1

™

Continuous coagulation equation

on(v,t) 1 [v—w
™ — Ef K(U—q, Q)n(v_Qat)n(qst)dq

vy

—n(v, t) f K(q,v)n(g,1) dg



Solution of the coagulation equation -- discrete

Assuming K; ; = K

dNi (¢ - 3
K0 1k Z N;()Ni_; (1) — K Ni(t) Z N;(t)
2 .

dt 1 ]=1
k—1
= %K Ni(t)Ny—;(t) — KN (t)N(1)
j=1
AN() | & 2
= =K > ) Neoj(0N; (1) — KN%(t)
k=1 j=1



NO =T 0

If N(O) = N,, |

7. 1s the characteristic time for coagulation

Atrs=z, Nt = ':M;,. Thus, 1. 1s the time necessary for reduction of the initial
number concentration to half its original value. The timescale shortens as the initial
number concentration increases. Consider an initial population of particles of about
0.2 pm diameter, for which K = 10 x 10 ' cm’ s~!. The coagulation timescales for
No = 10*cm~? and 10°cm~ arc

Ng = 10%em™ T, 2 55h
No = 10%em™ T, = 33 min

Need to know how to estimate typical values of T under different K
and N0



assuming that N;(0) = Ny Ny

- . . N(t) =
that is, at # = 0 all particles are of size k =1 1+ (t/z.)
dN Ny
— = —KN|N S N+(t) =
Z | O T P
@ = -I—KN2 — KNQN |:> N (t) — NO(t/IC)
2 RETEAESIE

NO (t/rc)k_l

N () = , k=1,2,...
KO = T T
t/t. > 1 = K

Ni(t) = Ny (%)2

¢ k—1
1/t < 1 Ni(t) =~ Ny (_)

T
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GEOPHYSICAL RESEARCH LETTERS, VOL. 24, NO.10, PAGES 1223-1226, MAY 15, 1997

Aerosol invariance in expanding coagulating plumes

Richard P. Turco and Fangqun Yu
Department of Atmospheric Sciences, University of California, Los Angeles
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Table 1. Asymptotic Coagulation/Dispersion Solutions for a
Constant Coagulation Kernel

Ve . coag)
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Solution of the coagulation equation -- continuous

assuming a constant coagulation coefficient K (g, v) =

Ny
1+ (t/7.)

8”;‘; D _ lK/vn(v —4q,0n(g, 1) dqg — Kn(v, t)N(z)
0

N(t) =

on(v, t) K Ny I fv
1) = 35K —q,t 1)y d
ot * 1+t/rcn(v ) =32 0 (v =q.On(g. 1) dg

assuming that initially

o A
n(v, 0) = A exp(—Bv) No :fo n(v, 0) dv = B

1

No X (—-U) o0
c - —_
Vo Y Vo Vo = ./0 vn(v, 0) dv = z
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FIGURE 13.6 Solution of the continuous coagulation equation for an exponential initial distrib-
ution given by (13.78). The following parameters are used: Np = 10°cm™,Vy = 4189 pm® ecm ™,

and 1. = 2000s.



In reality, coagulation coefficients depend on sizes of colliding particles
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Evolution of a coagulating particle population
size distribution during a period of 5 days
(Butcher and Charlson, 1972)
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