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ABSTRACT

	A polar–subtropical jet superposition is preceded by the development of a polar cyclonic potential vorticity (PV) anomaly at high latitudes and a tropical anticyclonic PV anomaly at subtropical latitudes. A confluent large-scale flow pattern can lead to the juxtaposition of these respective PV anomalies at middle latitudes, resulting in the addition of the nondivergent circulations induced by each PV anomaly and an increase in upper-tropospheric wind speeds at the location of jet superposition. Once these PV anomalies become juxtaposed, vertical motion within the near-jet environment facilitates the advection and diabatic redistribution of tropopause-level PV, and the subsequent formation of the steep, single-step tropopause structure that characterizes a jet superposition. Given the importance of vertical motion during the formation of jet superpositions, this study adopts a quasigeostrophic (QG) diagnostic approach to quantify the production of vertical motion during three types of jet superposition events: polar dominant, eastern subtropical dominant, and western subtropical dominant. The diagnosis reveals that the geostrophic wind induced by polar cyclonic QGPV anomalies is predominantly responsible for QG vertical motion in the vicinity of jet superpositions. The QG vertical motion diagnosed from the along-isotherm component of the Q vector, which represents the vertical motion associated with synoptic-scale waves, is dominant within the near-jet environment. The QG vertical motion diagnosed from the across-isotherm component of the Q vector, which represents the vertical motion associated with frontal circulations in the vicinity of the jet, is subordinate within the near-jet environment, but is relatively more important during eastern subtropical dominant events compared to polar dominant and western subtropical dominant events.
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1.  Introduction
	Polar–subtropical jet superpositions represent a type of synoptic-scale environment conducive to high-impact weather (Winters and Martin 2014, 2016, 2017; Handlos and Martin 2016; Christenson et al. 2017; Winters et al. 2020). The development of a jet superposition is conceptualized by Winters and Martin (2017; their Fig. 2) and Winters et al. (2020; their Fig. 1) using a potential vorticity (PV) framework. The forthcoming discussion of this conceptual model, adapted here in Fig. 1, parallels that in Winters et al. (2020). Prior to jet superposition, the large-scale flow pattern features a polar cyclonic PV anomaly at high latitudes and a tropical anticyclonic PV anomaly at subtropical latitudes (Fig. 1a). Polar cyclonic PV anomalies often develop in association with coherent tropopause disturbances (e.g., Hakim 2000; Pyle et al. 2004) or tropopause polar vortices (e.g., Cavallo and Hakim 2009, 2010, 2012, 2013), whereas tropical anticyclonic PV anomalies often develop in association with the transport of tropical, low-PV upper-tropospheric air towards middle latitudes via low-latitude troughs (e.g., Morgan and Nielsen-Gammon 1998; Iskenderian 1995; Roundy et al. 2010; Fröhlich et al. 2013; Winters and Martin 2016) and the diabatic erosion of upper-tropospheric PV that accompanies widespread latent heating (e.g., Lee and Kim 2003; Agustí-Panareda et al. 2004; Ahmadi-Givi et al. 2004; Son and Lee 2005; Grams et al. 2011, 2013; Grams and Archambault 2016; Winters and Martin 2017).
	The upper-tropospheric jets are closely related to the positions of polar cyclonic and tropical anticyclonic PV anomalies within the aforementioned conceptual model. In particular, the polar jet (e.g., Palmén and Newton 1948; Namias and Clapp 1949; Newton 1954; Palmén and Newton 1969, pp. 197–200, Keyser and Shapiro 1986, pp. 458–461; Shapiro and Keyser 1990) is located on the equatorward side of the polar cyclonic PV anomaly, while the subtropical jet (e.g., Starr 1948; Loewe and Radok 1950; Yeh 1950; Koteswaram 1953; Mohri 1953; Koteswaram and Parthasarathy 1954; Sutcliffe and Bannon 1954; Krishnamurti 1961; Riehl 1962) is located on the poleward side of the tropical anticyclonic PV anomaly (Fig. 1a). A jet superposition occurs when the initially separate polar cyclonic and tropical anticyclonic PV anomalies become juxtaposed at middle latitudes. The idealized vertical cross section in Fig. 1c reveals that jet superpositions are associated with a steep, single-step pole-to-equator tropopause structure, rather than the two-step tropopause structure that characterizes the vertical cross section through separate polar and subtropical jets in Fig. 1b. Jet superpositions are also marked by strong baroclinicity in the upper troposphere and lower stratosphere, and strong wind speeds that result from the addition of the nondivergent circulations induced by each respective PV anomaly (Fig. 1c).
	The nature by which polar cyclonic and tropical anticyclonic PV anomalies interact prior to a jet superposition varies across events (Winters and Martin 2016). To characterize this variability, Winters et al. (2020) conducted a climatological analysis of North American jet superposition events by classifying events in the National Centers for Environmental Prediction Climate Forecast System Reanalysis (CFSR; Saha et al. 2010) based on the extent to which the polar and subtropical jets deviated from their respective climatological locations to form a superposition. “Polar dominant” events were classified as those events in which the polar jet superposes with the subtropical jet near the climatological location of the subtropical jet, while “subtropical dominant” events were classified as those events in which the subtropical jet superposes with the polar jet near the climatological location of the polar jet. Whereas polar dominant events often develop near the U.S. Gulf Coast and the U.S./Mexico border, subtropical dominant events preferentially develop on the eastern and western coasts of North America (Winters et al. 2020; their Fig. 4). The latter observation motivated Winters et al. (2020) to consider a separate eastern category and western category of subtropical dominant events.
	Across all jet superposition event types, the three-dimensional divergent circulation within the near-jet environment strongly influences the development of the steep, single-step tropopause structure that characterizes a superposition. In particular, latent heating associated with moist ascent in the near-jet environment influences the development of a steep, single-step tropopause structure during both subtropical dominant event types via the diabatic redistribution of upper-tropospheric PV on the equatorward side of the jet (Winters et al. 2020; their Figs. 10a and 13a). The three-dimensional divergent circulation also acts to steepen the slope of the tropopause mechanically during both subtropical dominant event types via negative PV advection at the level of the dynamic tropopause. During polar dominant events, however, these two processes are located well downstream of the location of jet superposition and do not directly influence the formation of a steep, single-step tropopause structure (Winters et al. 2020; their Fig. 6). The presence of descent beneath the jet-entrance region at the time of jet superposition is a similarity across all jet superposition event types (Figs. 2a,c,e). This descent facilitates positive PV advection in the vicinity of the tropopause height minimum (Figs. 2b,d,f), and contributes to the formation of a steep, single-step tropopause structure in all event types via the downward advection of high-PV stratospheric air. Considered together, the varied influence of vertical motion during the production of each jet superposition event type motivates further investigation into the dynamical processes responsible for the production of vertical motion during jet superpositions. 
	Of particular interest is a desire to determine the relative influence that polar cyclonic and tropical anticyclonic PV anomalies have on the production of vertical motion during each event type. A PV framework provides an effective approach for quantifying the influence of polar cyclonic and tropical anticyclonic PV anomalies on the production of vertical motion within the near-jet environment. Namely, knowledge of the PV distribution, suitable balance and boundary conditions, and a reference temperature profile permit a calculation of the mass and wind fields attributable to that PV distribution using PV inversion (e.g., Hoskins et al. 1985, pp. 883–885; Thorpe 1985; Robinson 1988; Holopainen and Kaurola 1991; Davis and Emanuel 1991). In turn, the vertical motion pattern associated with the calculated mass and wind fields can be determined using an -equation that is consistent with the balance condition used to perform the aforementioned PV inversion. The application of PV inversion has shown considerable utility for investigating a variety of characteristics of the atmospheric flow pattern, such as flow in the middle atmosphere (e.g., Robinson 1988), the planetary-scale tropospheric flow (e.g., Holopainen and Kaurola 1991), surface cyclogenesis (e.g., Davis and Emanuel 1991; Black and Dole 1993; Hakim et al. 1996; Nielsen-Gammon and Lefevre 1996), tropopause folding (e.g., Wandishin et al. 2000), and upper-tropospheric blocking events (e.g., Breeden and Martin 2018, 2019).
	The proposed application of PV inversion in this study is similar to that employed by Winters and Martin (2017) for a jet superposition event that coincided with the 18–20 December 2009 Mid-Atlantic Blizzard. In that case, Winters and Martin (2017) determined that the three-dimensional divergent circulation induced by PV anomalies residing along the polar jet waveguide contributed more to the formation of a steep, single-step structure than the three-dimensional divergent circulation induced by PV anomalies residing along the subtropical jet waveguide. While only applicable to a single jet superposition event, the results from Winters and Martin (2017) provide a foundation from which to examine whether a similar conclusion can be drawn for each jet superposition event type and across a large number of cases.
	The configuration of the 500-hPa vertical motion pattern in the vicinity of jet superpositions at the time of jet superposition also differs across the three event types (Figs. 2a,c,e), which suggests that the dynamical mechanisms responsible for the production of vertical motion may vary based on the event type. In particular, the vertical motion pattern features cellular structures during polar dominant events, whereas the vertical motion pattern features banded structures that parallel the jet axis during both subtropical dominant event types. The Q vector (e.g., Hoskins et al. 1978; Hoskins and Pedder 1980), and its partition into an along-isotherm (Qs) and an across-isotherm (Qn) component (e.g., Keyser et al. 1988, 1992; Sanders and Hoskins 1990; Martin 1999, 2006, 2014), provides a diagnostic framework for examining the vertical motion pattern in the vicinity of jet superpositions. In this framework, the divergence of Qs is characterized by a cellular pattern and represents quasigeostrophic forcing for vertical motion associated with synoptic-scale waves (e.g., Sanders and Hoskins 1990; their Fig. 4). The divergence of Qn is characterized by a banded pattern that parallels areas of enhanced baroclinicity and represents quasigeostrophic forcing for vertical motion associated with frontal circulations in the vicinity of the jet (e.g., Sanders and Hoskins 1990; their Figs. 5 and 6). Therefore, it is hypothesized that the cellular structure of the vertical motion pattern observed during polar dominant events (Fig. 2a) is driven predominantly by the presence of an amplified upper-tropospheric flow pattern. Conversely, the banded pattern of vertical motion during both subtropical dominant event types (Figs. 2c,e) suggests that across-front ageostrophic circulations arising due to frontogenesis make a comparatively larger contribution to the vertical motion pattern during both subtropical dominant event types compared to polar dominant events.
	The forthcoming study expands upon prior work into the production of vertical motion in the vicinity of upper-level jet-front systems (e.g., Schultz and Doswell 1999; Lang and Martin 2010, 2012, 2013; Martin 2014) by investigating the processes that facilitate the formation of a steep, single-step tropopause structure across a large sample of jet superposition events. The remainder of this study is structured as follows. Section 2 summarizes the jet superposition event classification scheme developed by Winters et al. (2020). Section 3 determines the fraction of the vertical motion pattern during each jet superposition event type that can be attributed to polar cyclonic and tropical anticyclonic PV anomalies. Section 4 investigates the extent to which the vertical motion pattern during each event type is associated with the divergence of the along-isotherm and across-isotherm components of the Q vector, and section 5 summarizes the results of this study.

2.  Jet superposition event identification and classification
	This study utilizes data at 6-h intervals from the CFSR (Saha et al. 2010) with 0.5° horizontal grid spacing and 50-hPa vertical grid spacing between 1000 and 50 hPa during November–March 1979–2010. This study also utilizes 326 North American jet superposition events identified by Winters et al. (2020) in the CFSR during the same time period. Jet superpositions are identified in Winters et al. (2020) as those grid columns in the CFSR that feature (a) a strong horizontal PV gradient within both the 315–330-K and 340–355-K layers (i.e., representing the formation of a steep, single-step tropopause structure) and (b) a 400–100-hPa vertically integrated wind speed in excess of 30 m s–1. North American jet superposition events are identified as those analysis times that rank in the top 10% in terms of the number of grid columns characterized by a jet superposition within the domain, 10–80°N and 140–50°W. For further detail on the jet superposition identification scheme and the procedures used to compile jet superposition events, the reader is referred to Winters et al. (2020; section 2a). The methods used to classify jet superposition events into event types are identical to Winters et al. (2020) and are reproduced below given their relevance to this study. The forthcoming text describing these methods is derived from Winters et al. (2020) with minor modifications.
a. Jet superposition event classification scheme
	The location of each jet superposition event in Winters et al. (2020) is described by a latitude–longitude centroid that is calculated from an average of the latitude and longitude of all grid columns characterized by a jet superposition at the time the polar and subtropical jets first become superposed. The locations of the event centroids are subsequently used to classify events into event types based on the degree to which the polar and subtropical jets deviate from their respective climatological locations to form a jet superposition. The climatological location of the polar jet waveguide at an analysis time (e.g., 0000 UTC 1 January) is calculated by averaging the position of the 2-PVU contour on the 320-K surface at 24-h intervals within a 21-day window centered on that analysis time during all years of the study period. The climatological position of the subtropical jet waveguide is determined similarly using the 350-K surface.
	The event classification scheme compares the position of each event centroid against the climatological locations of the polar and subtropical jet waveguides at the start of an event. “Polar dominant” events (N=80; Fig. 3a) are defined as those events in which an observation of 2 PVU at the location of the event centroid represents a standardized PV anomaly > 0.5 on the 320-K surface and a standardized PV anomaly > –0.5 on the 350-K surface. “Subtropical dominant” events (N=129; Fig. 3b) are defined as those events in which an observation of 2 PVU at the location of the event centroid represents a standardized PV anomaly < 0.5 on the 320-K surface and a standardized PV anomaly < –0.5 on the 350-K surface.
	Since subtropical dominant events are primarily focused on the eastern or western coast of North America (Winters et al. 2020; their Fig. 4c), subtropical dominant events are partitioned into an “eastern” (N=76) and a “western” category (N=53) based off the position of each event centroid relative to 96°W. The 117 events not classified as polar or subtropical dominant events are classified as “hybrid” events and represent a mutual deviation of both jets from their climatological locations. The focus of this study is to examine the vertical motion patterns associated with polar dominant and subtropical dominant events, given that these events lie at opposite ends of the spectrum of the types of PV anomaly interactions that comprise jet superpositions. Consequently, hybrid events will not be considered in this study. Composite analyses are constructed for polar dominant, eastern subtropical dominant, and western subtropical dominant events within the domain, 10–80°N and 150°E–10°W, following the methodology outlined in Winters et al. (2020; section 4), and a gaussian smoother is applied to all composite variables prior to performing the calculations described in sections 3 and 4.

3.  The influence of polar cyclonic and tropical anticyclonic PV anomalies
a. Quasigeostrophic PV inversion
	This study adopts a quasigeostrophic (QG) approach, which defines the QGPV () associated with each jet superposition event type via the following equation (e.g., Charney and Stern 1962; Hoskins et al. 1985, pp. 911–915):
                                                 ,                                              (1)
where  is the latitudinally-varying Coriolis parameter,  is a constant Coriolis parameter (10–4 s–1), and   is the two-dimensional Laplacian operator on an isobaric surface. The static stability coefficient [)] is horizontally homogenous, where  and  are the specific volume and potential temperature, respectively, on an isobaric surface within an arbitrary reference atmosphere. The reference atmosphere is chosen to be the U.S. Standard Atmosphere in this study, and  is defined as the difference between the composite geopotential () associated with a particular jet superposition event type and the reference geopotential (), such that . 
	Although individual jet superposition events can be characterized by Rossby numbers of order 1 (Winters and Martin 2014, 2016, 2017), useful information can be obtained from QGPV inversion, so long as the QGPV distribution agrees qualitatively with the structure of the full Ertel PV (e.g., Davis 1992b; Hakim et al. 1996). To this point, Figs. 4a–c reveal that the distributions of 300-hPa QGPV [scaled by ] and 300-hPa Ertel PV are strongly correlated and qualitatively similar across all event type composites at the time of jet superposition. Prior applications of QGPV inversion to the synoptic-scale flow pattern (e.g., Holopainen and Kaurola 1991; Black and Dole 1993; Hakim et al. 1996; Nielsen-Gammon and Lefevre 1996; Wandishin et al. 2000; Breeden and Martin 2018, 2019) provide additional confidence in the utility of QGPV inversion for investigating jet superposition environments.
	The QGPV () distribution can be partitioned into a mean QGPV () and an additional  discrete categories that group together subsets of the perturbation QGPV () that are of similar origin or dynamical significance, such that . Table 1 lists the criteria used to partition the QGPV distribution during polar dominant, eastern subtropical dominant, and western subtropical dominant events. The mean QGPV () is determined for each event type by constructing a composite of the climatological mean geopotential () on all calendar days for which a jet superposition was observed for that event type. The difference between the composite climatological mean geopotential and the reference geopotential (is substituted into (1) to calculate  for each event type as:
                                                 .                                (2)                                
	The perturbation QGPV () for each event type is calculated as the difference between  and , and is partitioned into four categories: (1) polar cyclonic QGPV anomalies, (2) tropical anticyclonic QGPV anomalies, (3) residual QGPV anomalies, and (4) lower-tropospheric QGPV anomalies. Polar cyclonic QGPV anomalies () are defined as QGPV anomalies in the near-jet environment (specified in the Table 1 caption) within the 700–150-hPa layer with a value  4  10–5 s–1. Tropical anticyclonic QGPV anomalies () are defined as QGPV anomalies in the near-jet environment within the 700–150-hPa layer with a value  –4  10–5 s–1. Residual QGPV anomalies () are defined as all QGPV anomalies in the 700–50-hPa layer, excluding  and . Physically,  describes the background upper-tropospheric flow pattern within which the polar and subtropical jets superpose, and includes the influence of circulations induced by upper-tropospheric ridges upstream and downstream of the jet superposition (e.g., Fig. 2a). Lower-tropospheric QGPV anomalies () are defined as all QGPV anomalies within the 1000–750-hPa layer, and include the circulations induced by surface cyclones and anticyclones. A distribution of upper-tropospheric QGPV anomalies at the time of superposition for each event type, and an illustration of how those anomalies are partitioned into the categories described above, is shown in Figs. 5a–c. In particular, note that the juxtaposition of  and  in Figs. 5a–c resembles the juxtaposition of PV anomalies within the conceptual model shown in Fig. 1a.
Each of the four categories of perturbation QGPV (are inverted using successive over-relaxation using a relaxation factor of 1.8 to determine the perturbation geopotential ) attributed to each category of QGPV using the relationship: 
.                                    (3)
Motivated by the discussion in Hakim et al. (1996, pp. 2182–2187), we adopt homogeneous Dirichlet boundary conditions when inverting (3) for each category of the perturbation QGPV within the same domain used to construct the event composites. The boundary conditions used to invert each category of the perturbation QGPV distribution are listed in the rightmost column of Table 1. The boundary conditions and linear differential operator in (1), (2), and (3) ensure that .
	Under adiabatic and frictionless conditions, the Q vector is defined as the temporal rate of change of the horizontal temperature gradient following the geostrophic wind (e.g., Hoskins et al. 1978; Hoskins and Pedder 1980). To determine the vertical motion pattern associated with each category of QGPV during an event type, a distribution of Q vectors is calculated in association with each category of QGPV according to (4):
.                        (4)
In (4), the geostrophic wind is defined as ,  is the gas constant for dry air,  is the composite temperature field, and  is the pressure. Note that within the expression for the geostrophic wind,  or  can be substituted for  to calculate the geostrophic wind associated with each category of QGPV, such that . At this juncture, the composite temperature field is not partitioned in the calculation of Q vectors associated with each category of QGPV, but will be partitioned in section 3c. 
	The divergence of Q associated with each category of QGPV is substituted independently into the right-hand side of the QG- equation (5) to calculate the QG vertical motion associated with each category of QGPV:
                                (5)
where the full adiabatic contribution to the QG vertical motion () is equal to the sum of the vertical motion associated with the mean QGPV and each category of perturbation QGPV, such that . An inversion of (5) for each category of QGPV is performed using successive over-relaxation with a relaxation factor of 1.8 in the same domain used to construct the event composites. In all inversions of (5),  is set to 0 on the lateral and horizontal boundaries of the domain. A physical interpretation of (4) and (5) reveals that the QG vertical motion that corresponds to a particular category of QGPV is associated with changes in the orientation and magnitude of the composite horizontal temperature gradient that are accomplished by the geostrophic wind induced by that particular category of QGPV.
	Based on the established influence of diabatic heating on the development of jet superposition events (e.g., Winters and Martin 2016, 2017; Winters et al. 2020), the diabatic contribution to the QG vertical motion () is determined via the version of the QG- equation below:
                               (6)
where the diabatic heating rate is defined as , and where  represents the composite 3-h average diabatic temperature tendency from the CFSR during a particular event type. An inversion of (6) for  is performed in the same manner as (5), and the sum of the adiabatic and diabatic contributions to the QG vertical motion returns the full QG vertical motion (), such that .
b. Vertical motion associated with each category of QGPV 	
	The 500-hPa QG  patterns at the time of jet superposition for polar dominant, eastern subtropical dominant, and western subtropical dominant events are shown in Figs. 6a, 7a, and 8a, respectively, and are qualitatively similar to the composite vertical motion patterns associated with each event type (Figs. 2a,c,e). Figures 6a–c reveal that the contribution from  to the 500-hPa QG  pattern during polar dominant events is considerably larger than . Therefore, adiabatic processes account for a majority of the 500-hPa QG  pattern observed during polar dominant events. Figures 6b,d further reveal that the largest fraction of the 500-hPa QG  pattern is attributed to the geostrophic wind induced by polar cyclonic QGPV anomalies (. A minor contribution to the 500-hPa QG  pattern upstream and downstream of polar dominant jet superpositions is associated with the geostrophic wind induced by residual QGPV anomalies (. This minor contribution from  highlights the influence of upper-tropospheric ridges upstream and downstream of the jet superposition (Fig. 2a) on the development of QG vertical motion within the near-jet environment.
	The 500-hPa QG  pattern during eastern subtropical dominant events (Fig. 7a) implies that QG descent upstream of the jet superposition is predominantly associated with  (Figs. 7a–c), and that the largest fraction of  descent is attributed to  (Figs. 7b,d). Additional contributions to  descent in the vicinity of eastern subtropical dominant events are associated with  and the geostrophic wind induced by lower-tropospheric QGPV anomalies ( (Figs. 7b,d). Downstream of the jet superposition, the geostrophic wind induced by each category of perturbation QGPV contributes to varying degrees to a broad area of  ascent over southeastern Canada, with the largest contribution to ascent immediately downstream of the jet superposition associated with  (Figs. 7b,d). As for polar dominant events,  accounts for a larger fraction of QG ascent during eastern subtropical dominant events compared to  (Figs. 7a–c). The distribution of  is nonnegligible, however, and is characterized by a linear band of ascent that extends along the east coast of North America on the equatorward side of the jet (Fig. 7c).
	The 500-hPa QG  pattern during western subtropical dominant events (Figs. 8a–c) is dominated by , with the largest fraction of the  pattern associated with  (Fig. 8b,d). Therefore, polar cyclonic QGPV anomalies are associated with a large majority of the 500-hPa QG  patterns diagnosed in the vicinity of every jet superposition event type. This observation implies that the QG vertical motion induced by  is dominant in vertically restructuring the tropopause in the vicinity of jet superpositions compared to the vertical motion associated with all other categories of QGPV. As observed during eastern subtropical dominant events, a minor contribution to  descent during western subtropical dominant events is associated with  (Figs. 7d and 8d). The vertical motion associated with lower-tropospheric QGPV anomalies during eastern and western subtropical dominant events is indicative of the potential for the tropospheric-deep circulations induced by surface cyclones (e.g., Winters et al. 2020; their Figs. 8i and 11i) to have a relatively stronger influence in vertically restructuring the tropopause during eastern and western subtropical dominant events compared to polar dominant events. QG ascent far downstream of western subtropical dominant jet superpositions is associated with  (Fig. 8d), which highlights the impact of a downstream upper-tropospheric ridge (Fig. 2e) on forcing QG ascent during this event type. 
	Notably, the geostrophic wind induced by tropical anticyclonic QGPV anomalies () is not associated with a substantial contribution to the  pattern during western subtropical dominant events (Fig. 8d), whereas  is associated with a more substantial contribution to the  pattern during eastern subtropical dominant events (Fig. 7d). The larger contribution to the  pattern from  during eastern subtropical dominant events is attributed to the stronger anticyclonic curvature of the perturbation upper-tropospheric ridge that characterizes eastern subtropical dominant compared to western subtropical dominant events (compare Figs. 2c,e). This stronger anticyclonic curvature subsequently contributes to the zonally oriented couplet of ascent and descent associated with  that is centered near 50°W during eastern subtropical dominant events (Fig. 7d).
 c. Vertical motion associated with interactions between categories of QGPV
	The perturbation geopotential () that characterizes each category of perturbation QGPV is associated with a perturbation temperature () that can be determined via the hydrostatic relationship (, such that  . In the latter equation, represents the reference temperature on an isobaric surface and  represents the composite climatological mean temperature on those calendar days that feature a jet superposition for a particular event type after the reference temperature has been removed. The geostrophic wind and temperature associated with each category of QGPV can be substituted into (4) in a variety of combinations to calculate distributions of Q vectors that result from interactions between the geostrophic wind induced by a particular category of QGPV and the baroclinicity associated with another category of QGPV. 
	The aforementioned partition of the geopotential and temperature fields results in a total of 25 possible interaction terms. Namely, there are five geostrophic wind fields that correspond to the mean QGPV and the four categories of perturbation QGPV (e.g., the rows in Figs. 9 and 10), and these five geostrophic wind fields can interact with five temperature fields that correspond to the mean QGPV and the four categories of perturbation QGPV (e.g., the columns in Figs. 9 and 10). The divergence of Q associated with each interaction term can be substituted into the right-hand side of (5) and inverted to determine the QG vertical motion associated with each interaction term, such that the QG vertical motion associated with all 25 interaction terms sum to  during a particular event type (e.g., Figs. 6b, 7b, and 8b). The QG vertical motion associated with interactions between the geostrophic wind induced by a single category of QGPV (e.g., ) and all five temperature fields during a particular event type sum to the QG vertical motion associated with that geostrophic wind field in Figs. 6d, 7d, or 8d (e.g., the blue contours in Figs. 6d, 7d, or 8d for polar cyclonic QGPV anomalies).
	Physically, the QG vertical motion attributed to each interaction term corresponds to changes in the orientation and magnitude of the horizontal temperature gradient associated with a particular category of QGPV that are accomplished by the geostrophic wind induced by another category of QGPV. For example, the QG vertical motion attributed to the interaction between  and  corresponds to changes in the orientation and magnitude of the mean temperature gradient that are accomplished by the geostrophic wind induced by polar cyclonic QGPV anomalies. Similarly, an interaction between  and  corresponds to changes in the orientation and magnitude of the perturbation temperature gradient attributed to tropical anticyclonic QGPV anomalies that are accomplished by the geostrophic wind induced by polar cyclonic QGPV anomalies. Therefore, the forthcoming analysis expands upon the results presented in section 3b by providing a measure of the degree to which interactions between QGPV anomalies contribute to the development QG vertical motion within the near-jet environment.
	Figure 9 shows the percentage of 500-hPa  descent associated with all 25 interaction terms at the location of maximum  descent (red X’s in Figs. 6–8) during polar dominant, eastern subtropical dominant, and western subtropical dominant events. All percentages shown in Fig. 9 are calculated by dividing the 500-hPa QG vertical motion associated with a particular interaction term by  at the location of the red X in its corresponding event type (i.e., Figs. 6b, 7b, 8b). This fraction is then multiplied by 100 to determine the percentage of  associated with that particular interaction term. Consistent with the results discussed in Figs. 6–8, Fig. 9 indicates that the largest fraction of  descent is associated with  for all event types. More specifically, Fig. 9 reveals that the interactions between  and , and  and , dominate the production of  descent across all event types.
	The  descent pattern during eastern and western subtropical dominant events also features a substantial contribution from the interaction between  and . The relative importance of this interaction term during subtropical dominant events is due to the larger magnitude of tropical anticyclonic QGPV anomalies during both subtropical dominant event types compared to polar dominant events (i.e., note that the magnitude of geopotential height anomalies on the equatorward side of the superposed jet in Figs. 2a,c,e is larger for both types of subtropical dominant events compared to polar dominant events). Consequently, tropical anticyclonic QGPV anomalies contribute more substantially during subtropical dominant events compared to polar dominant events to the structure of the composite horizontal temperature gradient. Figure 9 also identifies a nonnegligible contribution to  descent across all event types from the interaction between  and . This result highlights the influence of surface cyclones (e.g., Winters et al. 2020; their Figs. 5i, 8i, and 11i) on the structure of the mean upper-tropospheric flow pattern (e.g., Hoskins et al. 1985, pp 928–930; Davis and Emanuel 1991; Davis 1992a; Nielsen-Gammon and Lefevre 1996; Winters and Martin 2017).
	The fraction of 500-hPa  ascent attributed to each interaction term at the location of maximum  ascent (orange X’s in Figs. 6b, 7b, and 8b) is shown in Fig. 10 for each event type. During polar dominant events, the largest fraction of  ascent downstream of the jet superposition is associated with interactions between  and , and  and . This result is analogous to that found for  descent during polar dominant events (Fig. 9), and solidifies the observation that the QG vertical motion pattern during polar dominant events is predominantly fostered by the presence of a strong polar cyclonic QGPV anomaly on the poleward side of the jet and its attendant baroclinicity.
	The location of maximum  ascent during eastern subtropical dominant events is displaced farther downstream of the location of jet superposition compared to polar dominant events (compare Fig. 7b with Fig. 6b). Consequently, the contribution to  ascent from  is minimal at this location for eastern subtropical dominant events (Fig. 10). The selection of a grid point closer to the location of jet superposition during eastern subtropical dominant events, however, reveals that  dominates the production of  ascent in the immediate vicinity of the jet superposition (not shown). Nevertheless, Fig. 10 demonstrates that in locations farther downstream of the jet superposition, the largest fraction of  ascent is associated with the interactions between  and ,  and , and  and . The interactions between  and , and  and  highlight the combined influence of perturbation upper-tropospheric ridges within the near-jet environment, and their separate interactions with the mean temperature gradient, on the production of  ascent. Similarly, the interaction between  and  highlights the influence of a surface cyclone (e.g., Winters et al. 2020; their Fig. 8i), and its interaction with the mean temperature gradient, on the production of  ascent. Notably, the interactions between  and , and  and  also contribute a nonnegligible amount to QG vertical motion at the location of maximum  ascent. This result reveals an important contribution to the production of  ascent during eastern subtropical dominant events that results from the interactions between perturbation upper-tropospheric ridges within the near-jet environment and the baroclinicity attributed to tropical anticyclonic QGPV anomalies (Fig. 10).
	As observed during polar dominant events, western subtropical dominant events feature large contributions to 500-hPa  ascent from  (Fig. 10), given that the location of maximum  ascent resides in close proximity to the jet superposition (Fig. 8b). In particular, Fig. 10 shows substantial contributions to  ascent from  and its separate interactions with , , and . This result reveals that the total tropospheric baroclinicity in the vicinity of western subtropical dominant jet superpositions results from the presence of both strong polar cyclonic and tropical anticyclonic QGPV anomalies in the near-jet environment, with a minor contribution from the mean temperature field. Nevertheless,  is the primary circulation that interacts with the strong baroclinicity assembled in the vicinity of western subtropical dominant jet superpositions to produce  ascent.
	To summarize, the QG vertical motion pattern during polar dominant events is predominantly attributed to the geostrophic wind and baroclinicity induced by polar cyclonic QGPV anomalies. The influence of polar cyclonic QGPV anomalies on the production of QG vertical motion is also substantial during eastern and western subtropical dominant events, however, tropical anticyclonic QGPV anomalies, lower tropospheric QGPV anomalies (i.e., surface cyclones), and residual QGPV anomalies (i.e., the background upper-tropospheric flow pattern) make relatively larger contributions to the QG vertical motion pattern via their associated geostrophic wind and temperature fields during both types of subtropical dominant events compared to polar dominant events. Consequently, the QG vertical motion patterns during both types of subtropical dominant events are more complex than that observed during polar dominant events, and appear to be more dependent on the nuanced configuration of upper- and lower-tropospheric QGPV anomalies that reside within the near-jet environment.

4.  Along- and across-isotherm vertical motion in the vicinity of jet superpositions 
	The character of QG vertical motion in the vicinity of jet superpositions can be further evaluated by partitioning the Q vector into an along-isotherm (Qs) and an across-isotherm (Qn) component. This partition of Q is performed within a left-hand coordinate system[footnoteRef:2] following Martin (1999, 2006, 2014) in which the unit vector, s, is aligned in the along-isotherm direction [(], and the unit vector, n, is directed 90° clockwise of s and points towards warmer air (). The along-isotherm and across-isotherm components of Q are defined in this coordinate system as: [2:  Note that these conventions differ from those utilized by Keyser et al. (1992), who partition Q using a right-hand coordinate system. These different conventions do not alter the physical interpretation of the along-isotherm and across-isotherm components of Q.] 

                                       (7a)
                                            (7b)
where Q = Qs + Qn. The divergence of Qs and Qn can be separately substituted into the right-hand side of (5) to calculate the along-isotherm component of the vertical motion () and the across-isotherm component of the vertical motion (, such that .
	The along-isotherm component of the Q vector diagnoses changes in the orientation of the horizontal temperature gradient following the geostrophic wind, while the across-isotherm component of the Q vector diagnoses changes in the magnitude of the horizontal temperature gradient following the geostrophic wind (e.g., Keyser et al. 1988, 1992; Martin 1999, 2006, 2014). The QG vertical motion associated with the divergence of Qs corresponds to the vertical motion associated with synoptic-scale waves, while the QG vertical motion associated with the divergence of Qn corresponds to the vertical motion associated with frontal circulations in the vicinity of the jet. Therefore, this partition of the Q vector provides insight into the extent to which QG vertical motions within the near-jet environment are associated with an amplified upper-tropospheric flow pattern (i.e., ) or frontal circulations that accompany the superposed jet (i.e., ).
	The and  patterns associated with polar dominant events are shown in Fig. 11a. The  pattern features a dipole centered on the location of jet superposition, with QG ascent situated downstream of the jet superposition and QG descent situated upstream. This dipole is consistent with the presence of an amplified upper-tropospheric trough on the poleward side of the jet (Fig. 2a; e.g., Hoskins and Sanders 1990, their Fig. 4). The  pattern exhibits a quadrupole structure, with a thermally direct circulation beneath the confluent jet-entrance region and a thermally indirect circulation beneath the diffluent jet-exit region (Figs. 11a and 2a). This quadrupole structure is consistent with the idealized QG vertical motion patterns anticipated in the vicinity of jets (e.g., Uccellini et al. 1987, their Fig. 3; Hoskins and Sanders 1990, their Figs. 5 and 6). 
	Consideration of the  and  patterns during polar dominant events indicates that  is larger in magnitude than  (Fig. 11a). Nevertheless, both  and  contribute to QG descent upstream of the jet superposition and QG ascent downstream of the jet superposition (Figs. 11a). A cross section upstream of the jet superposition confirms that  contributes a larger amount to QG descent beneath and on the poleward side of the tropopause height minimum compared to  (Fig. 11b). The  and  descent maxima are both located in close proximity to the tropopause height minimum, however, which suggests that  and  act together to facilitate the downward advection of high-PV air in the vicinity of the tropopause height minimum at this time (Fig. 2b). This downward advection of high-PV air subsequently contributes to the development of the steep, single-step tropopause structure observed at the time of jet superposition[footnoteRef:3]. [3:  Similar results to those shown in Figs. 11–13 are also obtained 12 h prior to jet superposition.] 

	The  pattern during eastern subtropical dominant events features a dipole, with QG descent upstream of the jet superposition and QG ascent downstream of the jet superposition (Fig. 12a). The  pattern exhibits a tripole structure, with a thermally direct circulation beneath the jet-entrance region and a weak area of ascent beneath the jet-exit region (Figs. 12a and 2c). A comparison between  and  demonstrates that  descent is larger in magnitude than  descent immediately upstream of the jet superposition, but is of the same magnitude as  in locations farther upstream along the polar jet waveguide. As with polar dominant events, both  and  contribute to QG descent beneath and on the poleward side of the tropopause height minimum within the cross section shown in Fig. 12b. Notably, the  descent maximum is not focused in close proximity to the tropopause height minimum, as it was during polar dominant events (compare Figs. 12b and 11b). The maximum in  descent is focused in close proximity to the tropopause height minimum, however, which suggests that  descent dominates the production of downward PV advection and the formation of a steep, single-step tropopause structure within the cross section shown in Fig. 12b.
	Similar to the other two jet superposition event types, the  pattern during western subtropical dominant events features a dipole with QG descent upstream of the jet superposition and QG ascent downstream of the superposition (Fig. 13a). The  pattern exhibits a quadrupole structure with a thermally direct circulation beneath the jet-entrance region and a thermally indirect circulation beneath the jet-exit region (Figs. 13a and 2e). Consistent with polar and eastern subtropical dominant events, the magnitude of  is larger than  in the immediate vicinity of western subtropical dominant events (Fig. 13a) and the cross section shown in Fig. 13b confirms that  descent is larger in magnitude than  descent beneath and on the poleward side of the tropopause height minimum. The  and  descent maxima are both focused in close proximity to the tropopause height minimum, similar to polar dominant events, which suggests that both  and  contribute to the development of the steep, single-step tropopause structure observed during western subtropical dominant events.
	The contributions of  and  to  in the vicinity of jet superpositions is further evaluated in Fig. 14. The right-hand side of each panel in Fig. 14 depicts the area-averaged  ascent as a function of pressure across all grid points downstream of each jet superposition event type with  < –0.5 dPa s–1. The left-hand side of each panel in Fig. 14 depicts the area-averaged  descent across all grid points upstream of each jet superposition event type with  > 0.5 dPa s–1. The area-averaged on a particular isobaric surface is also partitioned into its contributions from the area-averaged  and , which are calculated by averaging  and  over the same area on an isobaric surface used to compute the area-averaged .
	The area-averaged  is considerably larger in magnitude than  on all isobaric surfaces for polar dominant events (Fig. 14a). The dominance of  during polar dominant events is associated with the presence of an amplified upper-tropospheric trough on the poleward side of the jet (Fig. 2a). The area-averaged  also dominates  during western subtropical dominant events (Fig. 14c), but not to the same degree as during polar dominant events (Fig. 14a). As with polar dominant events, the dominance of  during western subtropical dominant events is associated with the presence of an upper-tropospheric trough on the poleward side of the jet (Fig. 2c). Nevertheless, the upper-tropospheric flow pattern during western subtropical dominant events is not as amplified compared to polar dominant events, which may explain the reduced dominance of the area-averaged  relative to  during western subtropical dominant events. 
	Whereas the area-averaged  ascent dominates  ascent during eastern subtropical dominant events, the area-averaged  descent is of the same magnitude as  descent below 500 hPa (Fig. 14b). The larger contribution from  descent during eastern subtropical dominant events compared to polar dominant and western subtropical dominant events may be attributed to two factors. First, the upper-tropospheric flow pattern is more amplified downstream of eastern subtropical dominant events (Fig. 2c), whereas the strongest flow amplification occurs in the immediate vicinity of polar and western subtropical dominant events (Figs. 2a,e). The reduced flow amplification in the immediate vicinity of eastern subtropical dominant events subsequently reduces the contribution from the area-averaged  descent to the area-averaged  descent (Fig. 14b). Second, eastern subtropical dominant events often form along the east coast of North America (Winters et al. 2020; their Fig. 4c). Consequently, eastern subtropical dominant events feature stronger tropospheric baroclinicity than polar dominant and western subtropical dominant events due to the juxtaposition of a cold continental air mass and a warm subtropical air mass beneath the jet superposition (compare the baroclinicity in Fig. 2d with Figs. 2b,f). The development of stronger baroclinicity during eastern subtropical dominant events results in a vigorous across-front ageostrophic circulation and a comparatively larger contribution to QG descent from  beneath the jet-entrance region of eastern subtropical dominant events.

5.  Summary 	
	The development of North American jet superpositions is conceptualized by Winters and Martin (2017) and Winters et al. (2020) as the juxtaposition of a polar cyclonic and tropical anticyclonic PV anomaly within the upper-troposphere. This juxtaposition leads to the addition of the nondivergent circulations induced by each PV anomaly and the development of strong wind speeds at the location of jet superposition. Once the respective PV anomalies are juxtaposed, vertical motion within the near-jet environment contributes substantially to the development of a steep, single-step tropopause structure (Winters and Martin 2016, 2017; Handlos et al. 2016; Winters et al. 2020). The influence of vertical motion during the development of jet superpositions motivates two analyses performed on jet superposition events in this study. First, this study utilizes piecewise QGPV inversion to quantify the relative influence of polar cyclonic and tropical anticyclonic PV anomalies on the production of vertical motion within the near-jet environment. Second, the Q vector is partitioned into an along-isotherm (Qs) and across-isotherm (Qn) component to quantify the extent to which vertical motion in the near-jet environment is associated with synoptic-scale waves or frontal circulations in the vicinity of the jet, respectively.  
	The present study reveals that the QG vertical motion in the vicinity of polar dominant, eastern subtropical dominant, and western subtropical dominant jet superpositions is associated predominantly with the geostrophic wind induced by polar cyclonic QGPV anomalies and, in particular, the interactions between that geostrophic wind field with the mean temperature pattern and the perturbation temperature pattern associated with polar cyclonic QGPV anomalies. This result indicates that polar cyclonic QGPV anomalies are essential to the jet superposition process from the standpoint that their associated vertical motion patterns contribute substantially to the production of a steep, single-step tropopause structure during the three jet superposition event types considered in this study. The strong influence of polar cyclonic QGPV anomalies on the development of jet superposition events complements prior case study work highlighting the substantial impact of coherent tropopause disturbances on the evolution of baroclinic waves at middle latitudes (e.g., Davis and Emanuel 1991; Hakim et al. 1996; Wandishin et al. 2000; Pyle et al. 2004; Winters et al. 2017).
	While the QG vertical motion in the vicinity of polar dominant, eastern subtropical dominant, and western subtropical dominant jet superpositions is associated primarily with the geostrophic wind induced by polar cyclonic QGPV anomalies, the QG vertical motion associated with the mid and upper-tropospheric baroclinicity induced by tropical anticyclonic QGPV anomalies is nonnegligible. Specifically, the presence of tropical anticyclonic QGPV anomalies in the vicinity of eastern and western subtropical dominant jet superpositions strengthens the mid and upper-tropospheric temperature gradient, such that the interaction between the geostrophic wind induced by polar cyclonic QGPV anomalies with the strengthened temperature gradient contributes to the production of QG vertical motion during these aforementioned jet superpositions. This particular interaction suggests that tropical anticyclonic QGPV anomalies, which can result from the cumulative effects of latent heating in the middle troposphere and/or the poleward transport of tropical low-PV upper-tropospheric air, do not impact the production of QG vertical motion via their induced geostrophic wind fields, but rather through their influence on the strength of the mid and upper-tropospheric baroclinicity. The contribution from tropical anticyclonic QGPV anomalies to the structure of the upper-tropospheric baroclinicity and to jet streak intensification has also been noted as part of prior work on rapidly deepening surface cyclones (e.g., Reed et al. 1993; Davis et al. 1996; Morgan and Nielsen-Gammon 1998) and recurving tropical cyclones (e.g., Riemer et al. 2008; Riemer and Jones 2010; Grams et al. 2011, 2013; Archambault et al. 2013; Grams and Archambault 2016).
	Use of the Q-vector form of the QG- equation to partition the QG vertical motion into an along-isotherm component () and an across-isotherm component ( provides additional insight into the character of QG vertical motion in the vicinity of jet superpositions. In particular,  dominates the QG vertical motion pattern during polar dominant events. The dominance of  in the vicinity of upper-level jet front systems has also been observed within individual case studies (e.g., Pyle et al. 2004; Martin 2014). In the context of the present study, the dominance of  implies that an amplified upper-tropospheric flow pattern during polar dominant events contributes substantially to the production of QG vertical motion within the near-jet environment and the formation of a steep, single-step tropopause structure during those events. 
	The  pattern also dominates the QG vertical motion pattern during eastern and western subtropical dominant events, but not to the same degree as during polar dominant events. Namely, the upper-tropospheric flow pattern during both eastern and western subtropical dominant events exhibit reduced amplitude compared to polar dominant events, which may explain the smaller contribution from  to the QG vertical motion during both subtropical dominant event types. Additionally, eastern subtropical dominant events feature a larger relative contribution from  to the QG vertical motion compared to polar and western subtropical dominant events. The larger relative contribution from  during eastern subtropical dominant events suggests that frontal circulations in the vicinity of the jet have a stronger relative influence on the production of QG vertical motion during eastern subtropical dominant events compared to polar and western subtropical dominant events. Therefore, the preceding analyses reveal that the dynamical mechanisms responsible for the production of QG vertical motion in the vicinity of jet superpositions vary in relative importance depending on the location of jet superposition.
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Tables
	QGPV Classification

	Category of QGPV
	Event Type
	Spatial Domain
	Criteria
	Boundary Condition

	Polar Cyclonic QGPV Anomalies
) 

	Polar
	20–50°N
120–85°W
	 s–1 in the 700–150-hPa layer
	 = 0 on all lateral and horizontal boundaries

	
	East Subtropical
	25–70°N
105–55°W
	
	

	
	West Subtropical
	30–70°N
160–100°W
	
	

	Tropical Anticyclonic QGPV Anomalies 
)
	Polar
	20–30°N
112–87°W
	 s–1 in the 700–150-hPa layer
	 = 0 on all lateral and horizontal boundaries

	
	East Subtropical
	25–70°N
90–30°W
	
	

	
	West Subtropical
	20–55°N
150–90°W
	
	

	Residual QGPV Anomalies
)

	All Event Types
	10–80°N
150°E–10°W
	All in the 700–50- hPa layer, excluding polar cyclonic and tropical anticyclonic QGPV anomalies
	 =  on all lateral and horizontal boundaries at and above 700 hPa.  = 0 below 700 hPa

	Lower-Tropospheric QGPV Anomalies
)
	All Event Types
	10–80°N
150°E–10°W
	All  in the 1000–750-hPa layer

	  on all lateral and horizontal boundaries below 700 hPa.  = 0 at and above 700 hPa

	Mean QGPV
)


	All Event Types
	10–80°N
150°E–10°W
	 is calculated using the composite climatological mean geopotential based on all days that feature a superposition within a particular event type 
	 on all lateral and horizontal boundaries 


 
TABLE 1. The classification scheme used to partition the QGPV during polar dominant, eastern subtropical dominant, and western subtropical dominant jet superposition events. The first column lists the category of QGPV and the second column identifies the jet superposition event type. The third column identifies the spatial domain used to isolate each category of QGPV as a function of event type. For polar cyclonic and tropical anticyclonic QGPV anomalies, the spatial domain for each event type is referenced in the text as the “near-jet environment.” The fourth column lists the criteria used to partition the QGPV within the specified spatial domain, and the fifth column identifies the lateral and horizontal boundary conditions used to invert each category of QGPV for its associated geopotential. The reader is referred to section 3a for explanations of the variables included within the table.

