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Abstract. A new spectral closure model of stably stratified turbulence is used to develop a
K� � model suitable for applications to the atmospheric boundary layer. This K� � model
utilizes vertical viscosity and diffusivity obtained from the spectral theory. In the � equation,
the Coriolis parameter-dependent formulation of the coefficient C1 suggested by Detering and
Etling is generalized to include the dependence on the Brunt-Väisälä frequency, N. The new
K� � model is tested in simulations of the ABL over sea ice and compared with observations

from BASE as simulated in large-eddy simulations by Kosovic and Curry, and observations
from SHEBA.
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1. Introduction

The atmospheric boundary layer (ABL) is the medium moderating between
the atmosphere and the underlying surface. The physical processes in the
ABL determine the surface fluxes of the momentum, temperature and
humidity that are among the primary governors of the atmospheric and
oceanic circulations on synoptic and global scales. Turbulence in ABL flows
is strongly affected by density stratification. The subject of this paper is the
ABL with stable stratification, or the stable boundary layer (SBL). Stable
stratification tends to reduce the vertical mixing leading to the development
of spatial anisotropy. With increasing strength of stratification, the near-
surface layer may become pinched-off from the overlaying circulation,
essentially shielding this circulation from the surface fluxes. Referring to this
phenomenon, Mahrt (1998) and Mahrt (1999) considered two prototype flow
regimes, very stable and weakly stable, noting that in most cases, SBL flows
are between these two extremes. The physics of the very stable SBL are quite
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subtle. Although such SBLs become very shallow, down to 10 m or less
(Kitaigorodskii and Joffre, 1988; King, 1990; Zilitinkevich and Mironov,
1996; Zilitinkevich et al., 2002a; Zilitinkevich and Baklanov, 2002;
Zilitinkevich and Esau, 2002, 2003), they still maintain well-developed tur-
bulence (e.g., Larsen, 1990). Further analysis reveals that the effect of a very
strong negative buoyancy force is two-fold. On the one hand, it tends to
suppress vertical mixing; on the other, it enhances the vertical shear and
hence the production of turbulent kinetic energy. These opposing actions
greatly enhance the irregularity of the flow field and its intermittency. This
picture is further complicated by the contribution from internal waves and
their breaking (Zilitinkevich, 2002). Similar phenomena are also observed in
oceanic mixed layers with strong stable stratification where levels of turbulent
energy and vertical eddy viscosity remain finite even for relatively large values
of the Richardson number Ri (Peters et al., 1988; Cane, 1993).

Generally, spatial anisotropy and turbulence-internal wave interaction,
features characteristic of stably stratified flows, are among the processes that
are least friendly to mathematical modelling. Both phenomena are governed
by strong nonlinearity and are not readily amenable to treatment within
analytical theories. Therefore, most models either ignore these phenomena or
include them using ad hoc approximations. Modelling of the SBL presents a
challenge not only to the widely used Reynolds-averaged Navier–Stokes
equations-based models (RANS) but also to large-eddy simulation (LES)
because strong stratification may have a significant impact upon the subgrid-
scale (SGS) modes; realistic SGS parameterizations must account for this
effect.

Turbulence parameterizations used in atmospheric SBL and ocean circu-
lation models are usually based on closure assumptions introduced in simple,
nearly isotropic flows and extrapolated into real flows with strong anisotropy
and waves. However, such extrapolation may take the closure models beyond
their realm of applicability, degrading the quality of their predictive skills.
Therefore, the improvement of the RANS models is an ongoing effort. Along
with the RANS, alternative turbulence closure models have been developed
during recent decades. One class of such models is based upon spectral clo-
sure methods (McComb, 1991). Generally, spectral closures are more com-
plicated than RANS models but, to their advantage, they retain more
comprehensive physics and are believed to be more accurate and general than
their RANS counterparts. Spectral models have been widely used in ana-
lytical theories of turbulence as well as in LES (Galperin and Orszag, 1993).
Recently, we have developed a new spectral closure model based upon a
mapping of the velocity field onto a quasi-Gaussian field whose modes are
governed by the Langevin equation (Sukoriansky et al., 2003). The param-
eters of the mapping are calculated using a systematic process of successive
averaging over small shells of velocity and temperature modes that yields
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equations for increasingly larger-scale modes. In this procedure, the com-
bined contribution of turbulence and internal waves is accounted for and the
spatial anisotropy is explicitly resolved (Sukoriansky and Galperin, 2005).
When the process of successive averaging is extended to the largest scales
available in the system (i.e., the turbulence macroscale), the spectral closure
yields a new RANS model. This model has been implemented as a new
version of the K� � model and tested in single-column simulations of the
SBL over sea ice. Two test cases, the Beaufort Arctic Storms Experiment
(BASE) and the Surface Heat Budget in the Arctic program (SHEBA), were
selected. This selection was stipulated, on the one hand, by the fact that the
data included cases of moderate and strong stable stratification such that the
new model could be put through a severe testing; on the other, the data have
been replicated in LES by Kosovic and Curry (2000) and, thus, could be used
as a benchmark for simulations with the new K� � model. This paper de-
scribes the results of these simulations. The next section provides a brief
outlook of the spectral closure theory utilized in this study while a subsequent
section elaborates on the implementation of this theory in K� � modelling.
In Section 4, results of simulations with the new K� � model are compared
with large-eddy simulations of BASE and with the data from SHEBA.
Finally, Section 5 provides discussion and conclusions.

2. The Spectral Closure Model

The spectral closure theory is developed for a fully three-dimensional,
incompressible, turbulent flow field with an imposed homogeneous, vertical,
stable temperature gradient; the flow is governed by the momentum, tem-
perature and continuity equations in Boussinesq approximation,

@u

@t
þ ðurÞu� aghê3 ¼ m0r2u� 1

q
rPþ f0; ð1Þ

@h
@t
þ ðurÞhþ dH

dz
u3 ¼ j0r2h; ð2Þ

ru ¼ 0; ð3Þ
where u and h are the fluctuating velocity and the fluctuating potential
temperature, respectively; P is the pressure, q is the constant reference den-
sity, m0 and j0 are the molecular viscosity and diffusivity, respectively, a is the
thermal expansion coefficient, g is the acceleration due to gravity directed
downwards, dHdz is the mean potential temperature gradient, and f 0 represents
a large-scale external energy source customarily used in spectral theories of
turbulence; it maintains turbulence in statistically steady state and may
originate from large-scale shear instabilities. According to the Kolmogorov
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theory of turbulence, the details of this forcing are immaterial in the statis-
tical description. Its net effect is communicated to the fluid via a single
integral parameter, the rate of the energy injection at large scales. Due to
strong nonlinear interactions, the external forcing excites all Fourier modes
down to the dissipation scale kd ¼ ð�=m30Þ

1=4 (� is the rate of viscous dissipa-
tion). The modes exert indiscriminant, random agitation upon each other,
which is accompanied by simultaneous random damping. In statistically
steady state, the processes of forcing and damping balance each other, in
other words, every Fourier mode uðk;xÞ (k and x being Fourier space
wavenumber and frequency, respectively) receives and loses equal, in a sta-
tistical sense, amounts of energy. Reflecting the duality between nonlinear
interactions and stochastic forcing and damping, the nonlinear term in
Equation (1) can be replaced by a random, modal forcing f and damping
represented by turbulent viscosity. The resulting linear equation with sto-
chastic forcing and damping is known as the Langevin equation,

uiðk;xÞ ¼ Gijðk;xÞfjðk;xÞ: ð4Þ

In the characterization by Kraichnan (1987), the Langevin equation can be
viewed as a device that facilitates the replacement of the original nonlinear
Navier–Stokes equation by a linear, forced, stochastic equation in which the
energy budget is systematically adjusted for every Fourier mode. For the
temperature, a similar Langevin-type equation can be derived; it can be
shown that the role of the random forcing in this case is assumed by the
vertical velocity fluctuation (Sukoriansky and Galperin, 2005),

hðk;xÞ ¼ � dH
dz

Ghðk;xÞu3ðk;xÞ: ð5Þ

The major closure assumption of the theory is that the forcing f is quasi-
Gaussian, placing the present spectral theory in the family of the classical
quasi-Gaussian spectral closures such as the direct interaction approximation
(DIA) (Kraichnan, 1959); the eddy-damped, quasi-normal, Markovian
approximation (EDQNM) (Orszag, 1977), or, collectively, the renormalized
perturbation theories (RPT) (McComb, 1991). This assumption enables one
to derive expressions for the eddy viscosity and eddy diffusivity. The fluc-
tuating velocity field is zero-mean and incompressible imposing the same
restraints upon the forcing fðk;xÞ in (4); in the assumption of quasi-Gaus-
sianity, this forcing is fully determined by its two-point, two-time correlation
function. The choice of the analytical representation of this correlation
function is guided by general considerations of spatial and temporal homo-
geneity and incompressibility that almost completely determine its functional
form (Sukoriansky et al., 2003). By its physical meaning, the correlation
function of the forcing fðk;xÞ accounts for the statistical mean energy input
to a given mode k via its interaction with all other modes such that its
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amplitude, D, is proportional to the mean rate of energy transfer through
that mode. The balance between the energy gain due to the eddy forcing and
the energy loss due to the eddy damping enables one to relate the forcing
amplitude D to the dissipation rate � and the buoyancy destruction. In the
case of neutral stratification, this approach recovers some basic features of
isotropic homogeneous turbulence including the Kolmogorov spectrum and
the Kolmogorov constant (Yakhot and Orszag, 1986; Sukoriansky et al.,
2003).

Rigorous derivation of the velocity and temperature responses, or Green
functions, Gijðk;xÞ and Ghðk;xÞ, from the original system (1)–(3) is given in
Sukoriansky and Galperin (2005); here, only their final representation is
shown:

Gijðk;xÞ ¼ Gðk;xÞ½dij þ Aðk;xÞPi3ðkÞdj3�; ð6Þ

Aðk;xÞ ¼ �N2

ð�ixþ mhk2h þ mzk2zÞð�ixþ jhk
2
h þ jzk2zÞ þN2P33ðkÞ

; ð7Þ

Gðk;xÞ ¼ ð�ixþ mhk
2
h þ mzk

2
zÞ
�1; ð8Þ

Ghðk;xÞ ¼ �ixþ jhk
2
h þ jzk

2
z

� ��1
; ð9Þ

where kh and kz are the horizontal and vertical wavenumbers; mh;jh and mz; jz

are the horizontal and vertical eddy viscosities and diffusivities, respectively;
N �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
agðdH=dzÞ

p
is the Brunt-Väsälä frequency; dij is the Kronecker delta

symbol, and PijðkÞ ¼ dij � kikj=k
2.

Note that due to the effect of stable stratification, the Green’s function
Gijðk;xÞ has acquired tensorial properties, while eddy viscosities and diffu-
sivities become different in the vertical and in the horizontal. Equation (7)
contains complex poles generated by the term N2P33ðkÞ in its denominator.
The real part of these poles yields a dispersion relation for internal waves in
the presence of turbulence (Sukoriansky and Galperin, 2005),

x2 ¼ x2
0 1� k

kO

� �4=3 jz

mn
� mz

mn

� �
cos2 hþ jh

mn
� mh

mn

� �
sin2 h

4 sin h

2

4

3

5

2
8
><

>:

9
>=

>;
; ð10Þ

where

x2
0 ¼ N2 sin2 h ð11Þ

is the classical dispersion relation for linear internal waves. Here, h is the
angle between the vector k and the vertical axis; kO ¼ ðN3=�Þ1=2 is the
Ozmidov wavenumber, and mn is the eddy viscosity in the case of neutral
stratification. The expression in the figure brackets of Equation (10) describes
an internal wave frequency shift due to turbulence. In the limit k=kO ! 0
(large scales; strong stratification), the classical dispersion relation (11) is
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recovered. On the other hand, at small scales, k=kO !1, the increasingly
disorganizing action of the turbulent overturn eventually overwhelms inter-
nal waves rendering the flow field purely turbulent. The threshold of the
internal wave generation in the presence of turbulence is given by x ¼ 0
which, using Equation (10), yields

kt ¼ kO
4 sin h

jz

mn
� mz

mn

� �
cos2 hþ jh

mn
� mh

mn

� �
sin2 h

������

������

3=2

: ð12Þ

Assuming that the wave radiation begins at relatively large k, at which tur-
bulence is still close to isotropic, the following estimates can be made:
jz=mn � mz=mn � 0:4; jh=mn � mh=mn � 0:4 (Sukoriansky and Galperin, 2005)
yielding

kt ’ kOj10 sin hj3=2 ’ 32kOj sin hj3=2: ð13Þ
Thus, the internal gravity waves exist only at wavenumbers k smaller than the
threshold value kt.

The parameters of eddydamping are calculated using a systematic algorithm
of successive averaging over small shells of velocity and temperature modes,
which, utilizing the Langevin equations (4) and (5), yields small increments to
the vertical and horizontal viscosities and diffusivities. The details of this cal-
culation are described in Sukoriansky and Galperin (2005); it leads to a system
of four coupled ordinary differential equations for mh; mz;jh; jz,

d

dk
ðmh; mz; jh;jzÞ ¼ �C

�

k5
R1;2;3;4ðmh; mz;jh; jzÞ; ð14Þ

where C ’ 0:7 and R1 through R4 are transcendental expressions
(Sukoriansky and Galperin, 2005). These expressions are given in the
Appendix for the asymptotic cases of weak and strong stratification. The
computation of the viscosities and diffusivities starts at the Kolmogorov scale
kd where the initial values of mz and jz are equal to their respective molecular
values m0 and j0 and is continued to an arbitrary wavenumber k < kd. The
system (14) can only be solved numerically. Solutions obtained for the
nondimensional variables mh=mn, mz=mn, jh=mn and jz=mn are presented on
Figure 1 as functions of the ratio k=kO.

At large k=kO (relatively small scales), as expected, all the nondimensional
parameters approach the values typical of the case of neutral stratification.
At smaller k=kO, on the other hand, approximately at the threshold of
internal wave generation, horizontal and vertical viscosities and diffusivities
depart markedly. Horizontal viscosity increases by a factor of 1.3 compared
to the neutral case, while vertical viscosity decreases to approximately 1/6 of
the horizontal viscosity value. The vertical viscosity mz preserves a finite
asymptotic value even for very strong stable stratification. This ‘‘residual’’
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momentum mixing may be due to the action of internal waves that are the
integral part of the present spectral model. It is worth noting that the onset of
internal wave radiation is concurrent with the emergence of flow anisotropy
induced by stable stratification and the beginning of strong deviations in
eddy viscosities and diffusivities from their values in the neutral case.

Another interesting result is that jz=jh ! 0 for k=kO ! 0; under strong
stratification, vertical diffusivity is suppressed while its horizontal counter-
part is enhanced almost by a factor of 2 compared to the neutral case. Flows
of this kind may reveal certain features of two-dimensional (2D) turbulence
(Cho et al., 1999).

The new spectral model can be used for simulations of turbulent shear
flows with stable stratification. The scale-dependent viscosities and diffusiv-
ities can be utilized for derivation of the respective SGS parameters in LES.
Let us denote the wave number of LES grid resolution by kc. In many SGS
parameterizations in use today, the effect of stable stratification is not taken
into account. Figure 1 provides a criterion when such an assumption is
acceptable. Namely, for kc > kt, kt is given by Equation (13), the effect of
stable stratification is small such that the eddy viscosity and eddy diffusivity
can be taken the same as in the case of neutral stratification. However, for
kc < kt, the effect of stable stratification cannot be neglected; furthermore, it
profoundly increases with decreasing ratio kc=kt. The need to improve SGS
representation for LES of strongly stratified flows was emphasized in the

0.01 0.1 1 10 100
0

0.5

1

1.5

2

2.5

Figure 1. Normalized horizontal and vertical eddy viscosities and diffusivities as functions of
k=kO. The vertical dashed line shows the location of kt, the threshold of internal wave gen-

eration in the presence of turbulence.
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recent GABLS report (Holtslag, 2003). The present theory provides a self-
consistent framework to address this need.

The process of small-scale elimination can be extended to the largest
scale of turbulence identified with the integral length scale, k�1L . This ap-
proach is analogous to the Reynolds averaging and the resulting equations
represent a sort of a RANS model. In the RANS format, the non-dimen-
sional eddy viscosities and eddy diffusivities, mh=mn, mz=mn, jh=mn and jz=mn,
become functions of kL=kO. It is well known in K� � modelling that kL is
related to the total kinetic energy of the flow, K, as kL / �=K3=2, such that
kL=kO / Fr3=2, where Fr ¼ �=KN is the Froude number. The dependence of
the eddy viscosities and eddy diffusivities on Fr is shown in Figure 2; more
detailed derivations are given in Sukoriansky and Galperin (2005). Alter-
natively, these parameters can be represented as functions of the gradient
Richardson number, Ri ¼ N2=S2. This can be done by introducing a clo-
sure assumption that prescribes an equilibrium between the sum of the rate
of the energy dissipation, �, and the buoyancy destruction, B (B ¼ jzN

2),
with the shear production, P (P ¼ mzS2, S is the magnitude of the shear).
The Ri-dependent non-dimensional eddy viscosities and eddy diffusivities
are also shown in Figure 2. By virtue of derivation, the major features of
the dependence on Fr and on Ri, shown in Figure 2, replicate those of the
dependence on k=kO shown in Figure 1. Turbulent viscosities and diffu-
sivities begin to depart from their values under neutral stratification at
relatively small Ri and large Fr. The most significant change in their values
takes place in the range of Fr and Ri between 0.1 and 1; however, the
spectral theory does not predict a single value of the critical Richardson
number, such as 1=4 according to Miles (1961) and Howard (1961), or 1
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0.5
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2.5
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Ri

Figure 2. Normalized turbulent exchange coefficients as functions of the Froude number Fr

(left panel) and the gradient Richardson number Ri (right panel).
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according to Abarbanel et al. (1984), at which turbulent mixing ceases
completely. For Fr < 1 and Ri > 0:1, both vertical viscosity and diffusivity
decrease with diffusivity decreasing faster. Eventually, stable stratification
may totally suppress vertical scalar mixing while vertical momentum mixing
continues even at relatively high Ri, apparently, due to the contribution of
internal waves. Such behaviour is not easily reproduced in RANS models
or in second-moment closure models in use in atmospheric or oceano-
graphic modelling where the concept of externally imposed ‘‘residual’’
mixing has been routinely utilized to account for otherwise suppressed
turbulent mixing (Kantha and Clayson 1994; Large et al., 1994). This result
is consistent with the atmospheric and oceanic data mentioned in the
Introduction that pointed out to turbulence survival in flows with very
strong stable stratification. Recent towed chain observations in the ocean
(Mack and Schoeberlein, 2004) are also supportive of the gradual attenu-
ation of turbulence under the action of increasing stable stratification, ra-
ther than a sharp cut-off: ‘‘. . . no single critical 10-m Ri, either 0.25 (Miles
and Howard) or 1 (Abarbanel et al. 1984), is identified.’’

One of the important characteristics of stably stratified turbulent flows is
the behaviour of the ‘‘vertical’’ turbulent Prandtl number, Prt ¼ mz=jz, as a
function of Ri. Figure 3 compares the prediction of the present model with
the observational data from Kondo et al. (1978) and a model by
Zilitinkevich and Calanca (2000).

Figure 3. Inverse turbulent Prandtl number, Pr�1t , as a function of Ri. Data points are the
observations by Kondo et al. (1978); long-dashed line refers to the model by Zilitinkevich and

Calanca (2000), and the solid line is the present spectral theory.
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Although the general trend of Pr�1t is reproduced well for all Ri, the
theoretical values are somewhat higher than the observations. Note that
partly, this is due to the uncertainty with the value of Prt0 in neutral strati-
fication. In the present model, Prt0 ¼ 0:72; however, this value may vary
between about 0.5 and 1.2 which would affect the rest of the curve. The broad
range of variation of Pr�1t in the data points out to a need for further
experimental research in order to reduce the signal-to-noise ratio.

3. Implementation of the Spectral Results in K�� Modelling of the SBL

The RANS models are concerned with the equations for mean horizontal
velocities U and V and mean potential temperature H. In applications to the
ABL, they employ turbulent viscosity and diffusivity, KM and KH. The
central problem of the RANS modelling is the derivation of the appropriate
expressions for KM and KH. In a standard K� � model used in neutrally
stratified flows, the values of KM and KH are calculated using the well-known
Kolmogorov–Prandtl formulation,

KM ¼ Cl
K2

�
; ð15aÞ

KH ¼ Pr�1t0 Cl
K2

�
; ð15bÞ

where the coefficient Cl is constant and equal to 0.09 (Rodi, 1980). A similar
value was obtained within the present spectral theory (Sukoriansky and
Galperin, 2005). In the format of K� � modelling, the turbulent kinetic en-
ergy K and the dissipation rate � are obtained from additional prognostic
equations. In neutral stratification, K� � modelling has been well established
and widely used. When the stratification is not neutral, the K� � equations in
one-dimensional (1D), single-column formulation take the form

DK

Dt
¼KM

@U

@z

� �2

þ @V

@z

� �2
" #

� g

H0
KH

@H
@z

� �þ @

@z
Kq
@K

@z

� �
; ð16Þ

D�

Dt
¼ �

K
C1KM

@U

@z

� �2

þ @V

@z

� �2
" #

� C3
g

H0
KH

@H
@z

( )

� C2
�2

K
þ @

@z
K�
@�

@z

� �
: ð17Þ

The termson the right sideofEquation (16) represent shearproduction, buoyant
destruction, dissipation and vertical turbulent transport of K. The terms on the
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right side of Equation (17) are shear and buoyancy forcing, destruction, and
vertical turbulent transport of �. In addition to the conventional vertical eddy
viscosity anddiffusivity,KM andKH, respectively,Equations (16,17) also involve
vertical turbulent mixing coefficients for the turbulence kinetic energy and dis-
sipation,Kq andK�, which, followingRodi (1980), have been set toKq ¼ KM=rq

and K� ¼ KM=r�, where rq ¼ 1:0 and r� ¼ 1:3. The coefficients C1, C2 and C3

are constants in a standardK� �model. FollowingRodi (1980), their values are
C1 ¼ 1:44 andC2 ¼ 1:92 in neutral flows.When the stratification is not neutral,
the value of C3 is customarily set at 1.

In stratified flows, the K� � formulation is affected in two aspects: (i) the
coefficient Cl in (15) is multiplied by a non-dimensional function of strati-
fication (the so-called stability function), and (ii) the coefficients C1, C2 and
C3 in the � equation may also become flow-dependent. In dealing with (i), the
vertical turbulent viscosity and diffusivity, KM and KH, can be determined
from a Reynolds stress model in which closure assumptions are invoked for
all components of the Reynolds stress tensor and the heat flux vector. A well-
known Reynolds stress model widely used in meteorological and oceano-
graphic applications is the Mellor-Yamada (MY) model and its modifications
(Mellor and Yamada, 1982; Galperin et al., 1988, 1989; Galperin and Kan-
tha, 1989; Galperin and Mellor, 1991; Kantha and Clayson; 1994, Kantha,
2003). Although the MY model employs a prognostic equation for Kl rather
than � (l being the turbulence macroscale), the dissipation equation can
readily be implemented in that scheme. The aspect (ii) is more difficult to
tackle because the � equation, as well as its MY counterpart, the Kl equation,
are not derived from any conservation law and merely follow the pattern of
the turbulent energy equation (16). The problematic issues of the � equation
have been thoroughly discussed in the literature and will not be repeated
here. Both the Reynolds stress models and the � equation have problems in a
stratified ABL. For instance, the MY models have too low a value of the
critical Richardson number at which the vertical turbulent mixing is sup-
pressed (Large et al., 1994; Cheng et al., 2002) while the standard K� �
model fails to replicate even a neutrally stratified ABL (Detering and Etling,
1985).

In this paper, a new way of improving the K� � models is suggested. The
present spectral closure model is used to obtain the expressions for KM and
KH thus circumventing certain shortcomings of the Reynolds stress model-
ling. It is hoped that the comprehensive physical foundation of the spectral
model would ensure its better performance in situations where the Reynolds
stress closures have difficulties.

The implementation of the new spectral model in the K� � format suitable
for 1D, single-column simulations of the SBL is straightforward. The vertical
eddy viscosity and diffusivity coefficients predicted by the spectral model,
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namely mz and jz, are used in place of KM and KH. Utilizing the expression for
the vertical viscosity in the neutral case,

mn ¼ Cl
K2

�
; ð18Þ

where Cl ’ 0:09, one can represent KM and KH as following:

KM ¼ aMCl
K2

�
; ð19aÞ

KH ¼ aHCl
K2

�
; ð19bÞ

where

aM ¼
mz
mn
; ð20aÞ

aH ¼
jz

mn
ð20bÞ

are the aforementioned non-dimensional stability functions (note that Prt0 in
(19) is absorbed in aH). These functions can be obtained from Figure 2 in
terms of the dependence on the Froude number, Fr ¼ �=KN. Note that Fr is
more general than Ri because the former can be used in shearless flows. In
addition, the evaluation of Ri relies upon calculation of the gradients of U, V
and H, which may introduce significant numerical errors.

It is of interest to compare functions aM and aH with respective stability
functions in Reynolds stress closuremodels. For example, inMYmodels, eddy
viscosity and eddy diffusivity are related to stability functions, SM and SH, as

KM ¼ qlSM; ð21aÞ
KH ¼ qlSH; ð21bÞ

where q2 ¼ 2K (Mellor and Yamada 1982; Galperin et al., 1988). Comparing
(21) with (19) and using the MY relationship for the dissipation,

� ¼ q3

B1l
; ð22Þ

where B1 ¼ 16:6 is one of the constants of the MY model, one obtains:

SM ¼
B1

4

� �
ClaM; ð23aÞ

SH ¼
B1

4

� �
ClaH: ð23bÞ

In Galperin et al. (1988), SM and SH were given as functions of
GH ¼ �ðlN=qÞ2 which is related to the Froude number as
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GH ¼ �ðB1Fr=2Þ�2. Figure 4 compares stability functions obtained from the
present spectral model with those from Galperin et al. (1988). A general
observation is that with increasing stable stratification, both SM and SH in
the MY model fall off quicker than their counterparts in the present spectral
model. The most significant difference is revealed in the behaviour of SM in
MY models, it becomes very small for Fr < 0:2 while in the spectral model, it
remains finite even for very small values of Fr. The rapid decrease in SM may
be behind the well-known deficiency of the MY models to often produce
insufficient mixing in flows with strong stable stratification (e.g., Kantha,
2003). The spectral model appears to be free of this shortcoming.

Returning now to the dissipation equation, recall that when the coeffi-
cients C1, C2 and C3 are kept constant (the standard K� � model), the
model fails to replicate a neutrally-stratified ABL (Detering and Etling,
1985). Problems arising in applications of K� � models to the ABL have
been discussed elsewhere (Rodi, 1975, 1980; Detering and Etling, 1985). It
has been realized that the constants of a standard K� � model are not
universal and various ways have been proposed to make the constants flow-
dependent. To achieve realistic description of the Leipzig velocity profile for
the neutral ABL, Detering and Etling (1985) have found it necessary to
include the effect of the Earth’s rotation in the � equation by making C1

dependent on the friction velocity u� and the Coriolis parameter f. Their
modification can be expressed in terms of the friction velocity-based Rossby
number Ro� ¼ u�=jfjL,

Figure 4. Comparison of stability functions calculated from the present model and from the

MY model modified by Galperin et al. (1988).
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C1 ¼ C0
1 þ CfRo�1� ; ð24Þ

where C0
1 is the standard coefficient equal to 1.44, Cf ¼ 111 is an empirical

constant and L ¼ 0:16K3=2=� is the turbulence macroscale used in the K� �
modelling.

To include the effect of stable stratification, we have generalized Equation
(24) by adding a new term that depends on the friction velocity-based Froude
number Fr� ¼ u�=NL,

C1 ¼ C0
1 þ CfRo�1� � CNFr

�1
� ; ð25Þ

where CN ¼ 0:55 is a new empirical constant. Taking into account that
f=N � 10�2 in off-equatorial regions, one can see that the rotation- and
stratification-dependent terms in (25) are of the same order of magnitude.
Note that a similar modification could be introduced in the coefficient C3

rather than C1 in which case the correction to C0
3 ¼ 1 would have a positive

sign rather than the negative sign in (25). Here, however, it was preferred to
associate all the corrections with one coefficient, C1, and to leave the other
two coefficients intact. Also note that the formulation (25) is just a simple
lowest order (linear) approximation to the function C1ðRo�1� ;Fr

�1
� Þ. It is

reasonable to assume that this lowest order approximation would not work
at large Fr�1� . Indeed, it was found that a limitation

C1 � C0
1 ð26Þ

should be imposed on C1. Therefore, a more accurate functional form of C1

could consist of the present formulation for small and very large Fr�1� ,
Equations (25) and (26), and some interpolating function for intermediate
values of Fr�1� . However, the present formulation was found adequate for
practical applications.

The K� � model that includes prognostic equations (16) and (17) along
with Equations (19), (20), (25) and (26) was implemented in the weather
forecast model HIRLAM (High Resolution Limited Area Model) (Perov and
Gollvik, 1996; Perov et al., 2001) and used to simulate the SBL over sea ice.
The results of these simulations are described in the next section.

4. Application of the New K�� Model to the SBL Over Sea Ice

Under conditions of strong radiative cooling, the ABL over sea ice is normally
clear and stably stratified. Such a situation is common, for instance, in the
Arctic during the winter. Several Arctic cloud climatologies indicate that in
winter, clear-sky conditions are observed 40–60% of the time (Huschke, 1969;
Hahn et al., 1984). During the Surface Heat Budget of the Arctic Ocean
(SHEBA) experiment, clear-sky conditions were observed 27% of the time
(Intrieri et al., 2002). The SBL over sea ice is of special concern for numerical
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weather prediction and climate modelling because of the extremely warm
temperatures in the winter (Curry et al., 1996). The interest in the SBL over sea
ice has also been stimulated by recent attempts to interpret satellite data in
situations where uncertainties in the remote sensing of sea ice lead to large
discrepancies between surface- and satellite-derived climatologies (Ramana-
than et al., 1989; Rossow et al., 1993). The properties of the SBL over ice have
been studied by Tsay and Jayaweera (1984), Curry (1986), Curry et al. (1988),
Fett et al. (1994), Ruffeaux et al. (1995) using observations collected during the
Arctic Ice Dynamics Joint Experiment (AIDJEX, 1975) and the Arctic Stratus
Experiment (1980). The Lead Experiment (LEADEX, 1992) was carried out to
study interactions between an ice fieldwith leads and the SBL (Pinto andCurry,
1995; Walter et al., 1995). The autumnal freezing period has been studied
during BASE (Paluch and Lenschow, 1997) and simulated in LES by Kosovic
and Curry (2000). The Surface Heat Budget in the Arctic program (SHEBA,
1997–1998) focused on surface fluxes over sea ice during different seasons,
particularly in the spring (Andreas et al., 1999). The LES results for BASE and
data collected during the SHEBA campaign will be used for intercomparisons
with the present K� � model in a single-column format.

4.1. COMPARISON WITH BASE

The main goal of BASE was to improve understanding of weather systems in
the Arctic during autumn. BASE was conducted from September 19 through
29 October 1994 in the Beaufort Sea, north of the mouth of the Mackenzie
River. The principal dataset was obtained from the National Center for
Atmospheric Research (NCAR) C-130 aircraft; there were 14 research flights
with a duration of 6 to 8 h each. These flights have provided large volumes of
data covering a wide range of SBL and sea-ice conditions. Their description
can be found in Curry et al. (1996). In this study, wind and temperature
soundings, collected during flight 7 (73 N, 133 W) over a frozen sea surface
were used. No clouds were present while the potential temperature profile
ensured strong stable stratification. The soundings extended down to altitude
of 40 m where the temperature could be as low as �12:5�C yet the well-
mixed surface layer could not be reached. The surface temperature of the
frozen sea was about �15�C (corresponding to 257 K at a pressure of
1013 hPa) suggesting that stable stratification could extend all the way down
to the surface. The extrapolation of the potential temperature H from the
lowest 100 m of the sounding to the surface yields @H

@z � 0:057Km�1, which
corresponds to a Brunt-Väisälä frequency N � 0:046 s�1 (Paluch and Lens-
chow, 1997). Note that the frozen sea surface in flight 7 was not uniform as it
included open leads. Since the larger leads extended over several hundred
metres and the aircraft flew only about 40 m above the surface, it was
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expected that the aircraft would encounter warm and moist plumes rising
from the leads. However, the observations from flight 7 had no signature of
such plumes. The observations from flight 7 of BASE were successfully
simulated in LES by Kosovic and Curry (2000) who considered two cases,
NLHRB and NLMR10CR. The difference between the cases was in the rate
of the surface cooling equal to 0.25 Kh�1 in the first case, which was a
moderately stable ABL, and 1.0 Kh�1 in the second case, which was a
strongly stable ABL. Thus, the BASE data covered the two extreme cases
mentioned in the Introduction. The strength of the overlying inversion was
0:01K m�1 and the surface roughness length was 0.1 m. In the LES, the
transitional process of the boundary-layer adjustment to the respective sur-
face cooling rates was simulated for each of the two cases.

Using the new K� � model, we have simulated the same experiments in
a single-column formulation with a vertical resolution of 10 m. The boundary
conditions for the turbulence characteristics at the first grid point are: K ¼
3:75u2�, � ¼ u3�=jz, �uw ¼ CDjUjU, �vw ¼ CDjUjV, �hw ¼ CHjUjðH1 �HsÞ.
Here, j ¼ 0:4 is the von Karman constant, z is the distance to the surface, CD

and CH are the drag and the heat transfer coefficients, jUj is the magnitude of
the near-surface wind, H1 andHs are the potential temperature at the first grid
point and at the surface, respectively. The CD and CH coefficients include
correction due to the potential temperature gradient outside of the boundary
layer (Zilitinkevich andCalanca, 2000; Zilitinkevich et al., 2002b).At the upper
boundary, zero values ofK, �, heat andmomentum fluxes are set. Both cases of
the moderate and strong stratification were simulated for 12 h of physical time
during which the flow attained a quasi-steady state. The initial values of the
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Figure 5. Vertical profiles of mean potential temperature for the cases of moderate (left panel)
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turbulent kinetic energy and dissipation were set equal to small values. In the
course of the simulations, themodel ‘‘forgot’’ the initial distributions ofK and �
after, approximately, one hour of integration.

Figure 5 shows the profiles of the potential temperature simulated with the
new and the standard K� � models as well as with the LES after a 12-h
simulation. The agreement of the new model with the LES data is very good
for the case of moderate stratification. The standard model strongly over-
estimates the height of the temperature boundary layer in that case. In the
case of strong stratification, the simulated temperature profile values are
lower than in LES. In order to understand the source of this discrepancy,
recall that the SGS viscosities and diffusivities in LES by Kosovic and Curry
(2000) were adopted from the neutral case thus ignoring the effect of stable
stratification on SGS parameters. As discussed earlier, such an approxima-
tion is justified when the grid size is smaller than the Ozmidov length scale,
LO ¼ p=kO. However, in strong stratification, LO decreases and may become
comparable to or even smaller than the grid size. As evident from Figure 1,
eddy viscosities and diffusivities in this case are significantly reduced com-
pared to their values in neutral stratification. The use of the latter values in
strongly stratified flows may result in overestimated mixing and an over-
predicted boundary-layer height. Since the eddy diffusivity in such flows
decreases much faster than the eddy viscosity, the overprediction of the
temperature boundary-layer height may be most profound. To avoid this
problem, one can either increase the grid resolution or account for the effect
of stratification on SGS parameters. Figure 6 substantiates these arguments.

The left panel shows profiles of potential temperature for the moderately
stratified case of BASE after 9 h of simulated time computed in LES with
variable grid resolution; the model of the U.K. Met Office has been employed
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in this LES. One can see that indeed, the increase in resolution is accom-
panied by the lowering of the potential temperature profiles and sharpening
of their gradients. The right panel shows the vertical profiles of the Ozmidov
scale for moderate and strongly stable stratification calculated from the LES
data by Kosovic and Curry (2000). In the case of the moderate stratification,
the grid resolution was 5.51 m; LO remained well above this value almost
everywhere except for the top of the boundary layer such that the neutral
stratification-based SGS parameters used in Kosovic and Curry (2000) could
be expected to yield a satisfactory performance. Indeed, Kosovic and Curry
(2000) report good agreement between their LES and the observations. On
the other hand, in the strongly stratified case, LO becomes comparable to the
grid size (equal to 7.81 m) already at a height of about 100 m such that the
effect of stratification on the SGS parameters cannot be neglected. The dis-
crepancy between LES results of Kosovic and Curry (2000) and the present
model shown in Figure 5 at the height of about 100 m and above can, most
probably, be attributed to the fact that the SGS parameterization in LES did
not account for the effect of stable stratification. To fully resolve this
important issue, more detailed observational and experimental studies of the
boundary layer with strong stable stratification are required.

The vertical profiles of the horizontal wind components, U and V, are
shown in Figure 7. The results obtained with the new K� �model show good
agreement with the LES-generated wind profiles. The standard K� � model
does not perform well in the case of the moderate stratification but under
strong stratification its performance is significantly improved.

Profiles of the vertical turbulent momentum and heat fluxes are compared
with LES by Kosovic and Curry (2000) in Figures 8 and 9. The agreement is
close for both moderate and strong stable stratification.
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The important integral characteristics of the SBL are the friction velocity
u�, the Obukhov length scale, LMO, and the boundary-layer height h (defined
as a level at which the turbulent momentum flux falls to 5% of its surface
value) shown on Figure 10 for the case of moderately stable stratification.
One can see that the evolution of all three parameters is faithfully replicated
by the K� � model.

4.2. COMPARISON WITH SHEBA DATA

The Surface Heat Budget of the Arctic Ocean (SHEBA) experiment
consists of an array of instrument sites arranged around an icebreaker
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frozen in the Arctic Ocean pack ice (Andreas et al., 1999; Uttal et al.,
2002). The entire field camp drifted together with the pack ice across the
Beaufort and Chukchi seas during the year, approximately 1500 km, and
much atmospheric and surface data were recorded along this course. One
of the main objectives of the SHEBA experiment was to collect surface
and atmospheric boundary-layer data suitable for evaluation of parame-
terization schemes of the ABL employed in global circulation and
numerical weather prediction models for high latitudes. The observations
used in the present study were obtained from two measurement platforms,
the Atmospheric Surface Flux Group (ASFG) and the GPS/Loran
atmospheric sounding system. The ASFG site consisted of a 20-m tower
with meteorological sensors at five levels above the surface, as well as
several ground-based measurement platforms surrounding the tower. The
ASFG data included the surface pressure, temperature, sensible and latent
heat fluxes, wind stress and albedo, and vertical profiles of temperature
and wind velocity in the lowest twenty metres of the ABL (Persson et al.,
2002). The vertical profiles of temperature, humidity and winds above the
ASFG tower were obtained with Väisälä radiosondes, which were laun-
ched from the ship deck. In the present study, we used data from the
winter case of 15 January, from 0 to 12 h. The values of temperature and
velocity components above the tower at 12 h were obtained by linear
interpolation between launch times. In the vertical, all radiosonde data
values at each height above the ASFG tower were smoothed using
six-point running mean values. At the initial time, the winter case of 15
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January was characterized by strong stability, a low surface temperature
Ts ¼ 235 K and a geostrophic wind velocityUg =6 m s�1. Over 12 hours,Ug

increased to 8.2 m s�1 and Ts decreased to 233.5 K. This process was simu-
lated using the new K� � model in a single-column format; the results of the
12-h integration are shown in Figure 11. The observed vertical profile of
potential temperature above the ABL had shifted during the integration
period relative to the initial profile. The analysis of the ECMWF weather
forecast for this period has shown a week subsidence (negative vertical
velocity) over the area of study. To reflect the ensuing processes of the large-
scale vertical advection of potential temperature and velocity, a negative
vertical velocity of �10�3 m s�1 was incorporated in the model. With vertical
advection accounted for, the simulated potential temperature and velocity
profiles are in good agreement with the observations. On the other hand,
Figure 11 shows that the observations cannot be reliably reproduced if the
vertical advection is omitted.

5. Discussion and Conclusions

The spectral theory of turbulence employed in this study is based upon a
process of successive elimination of small-scale modes that leads to a
model describing the largest scales of a flow. Partial scale elimination can
be used to derive turbulent viscosities and diffusivities suitable for SGS
parameterization in LES. The elimination of all scales leads to RANS-type
models. The spectral model is derived from first principles and is free of
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empirical coefficients. The model yields a dispersion relation for internal
waves in the presence of turbulence and offers a powerful tool for
studying wave-turbulence interaction. The model recognizes the horizontal-
vertical anisotropy introduced by stable stratification and provides
expressions for the horizontal and vertical turbulent viscosities and diffu-
sivities. The theory does not support the idea of a sharp cut-off critical
Richardson number at which turbulence is fully inhibited. Instead, it
predicts a transitional range of Ri in which vertical mixing is suppressed
while the horizontal mixing is enhanced. The vertical turbulent viscosities
and diffusivities obtained in the RANS mode (averaging over all scales)
can be used in a K� � model. The modification of the coefficient C1 in the
� equation to include the effect of stable stratification results in a general
K� � model suitable for applications in engineering flows as well as in
neutral and stably stratified ABLs. This is a significant improvement in
K� � modelling. The new K� � model has been tested in simulations of
the SBL over sea ice under conditions of moderate and strong stable
stratification. The predicted potential temperature and wind velocity, as
well as the friction velocity, the Obukhov length scale and the boundary-
layer height, are in good agreement with the corresponding values ob-
tained in LES of BASE observations (Kosovic and Curry, 2000) in the
case of moderately stable stratification. In the case of strong stratification,
the predicted potential temperature appears to slightly deviate from the
LES results in the upper part of the SBL. The source of this discrepancy
has been traced to the use of the SGS parameterization in the LES
suitable for neutrally stratified flows. The measure of deviation of the SGS
viscosities and diffusivities from their values under neutral stratification is
the ratio, kc=kO, where kc and kO are the grid resolution and the Ozmidov
wavenumbers, respectively. When kc=kO ¼ Oð1Þ, the effect of stable
stratification on the SGS parameterization must be accounted for. Indeed,
the part of the SBL where LES and the present results differ coincides
with the region where that ratio is Oð1Þ. Additional experimental and/or
observational data for such situations is necessary to fully resolve this
complex problem. Finally, the profiles of the mean potential temperature
and wind speed predicted by the new K� � model are in very good
agreement with the observational data from SHEBA (Uttal et al., 2002).

This paper presents only one of the first attempts to test and validate the
new spectral closure-based K� � model; further comparisons with experi-
mental and observational data, as well as with DNS and LES results, are
clearly needed. However, one can already see that the new technique appears
promising for practical applications and can be beneficial if implemented in
multi-dimensional circulation models.
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Appendix

A. Asymptotic Cases of Weak and Strong Stable Stratification

It is convenient to introduce a spectral Froude number,

F � mhk2

N
; ðA1Þ

that measures the ratio of the internal wave period to the turbulence turnover
time of the mode k. The asymptotic cases of F !1 and F ! 0 correspond
to weak and strong stratification, respectively. In these two cases, the
expressions for R1 – R4 simplify significantly; they are presented below.

B. Case of Weak Stratification, F !1
A small parameter expansion in powers of F�1 yields, in the lowest order of
the approximation,

R1¼
1
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R4 ¼
2
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C. Case of Strong Stratification, F ! 0
In the limit F ! 0, the following expressions for R1 – R4 are obtained:
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